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SUBSET CURRENTS ON FREE GROUPS
ILYA KAPOVICH AND TATIANA NAGNIBEDA
Abstract. We introduce and study the space SCurr(FN ) of subset currents on the
free group FN , and, more generally, on a word-hyperbolic group. A subset current on
FN is a positive FN -invariant locally finite Borel measure on the space CN of all closed
subsets of ∂FN consisting of at least two points. The well-studied space Curr(FN ) of
geodesics currents, positive FN -invariant locally finite Borel measures defined on pairs
of different boundary points, is contained in the space of subset currents as a closed R-
linear Out(FN )-invariant subspace. Much of the theory of Curr(FN ) naturally extends
to the SCurr(FN ) context, but new dynamical, geometric and algebraic features also
arise there. While geodesic currents generalize conjugacy classes of nontrivial group
elements, a subset current is a measure-theoretic generalization of the conjugacy class
of a nontrivial finitely generated subgroup in FN . If a free basis A is fixed in FN ,
subset currents may be viewed as FN -invariant measures on a “branching” analog
of the geodesic flow space for FN , whose elements are infinite subtrees (rather than
just geodesic lines) of the Cayley graph of FN with respect to A. Similarly to the
case of geodesics currents, there is a continuous Out(FN )-invariant “co-volume form”
between the Outer space cvN and the space SCurr(FN ) of subset currents. Given a
tree T ∈ cvN and the “counting current” ηH ∈ SCurr(FN ) corresponding to a finitely
generated nontrivial subgroup H ≤ FN , the value 〈T, ηH 〉 of this intersection form
turns out to be equal to the co-volume of H, that is the volume of the metric graph
TH/H, where TH ⊆ T is the unique minimal H-invariant subtree of T . However,
unlike in the case of geodesic currents, the co-volume form cvN ×SCurr(FN )→ [0,∞)
does not extend to a continuous map cvN × SCurr(FN )→ [0,∞).
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1. Introduction
Geodesic currents were introduced in the context of hyperbolic surfaces by Bonahon in
the papers [11, 12] where they were used to study the Teichmu¨ller space and mapping class
groups, with various applications to 3-manifolds. In the context of free groups, geodesic
currents were first investigated by Reiner Martin in his 1995 PhD thesis [57], but have
only become the object of systematic study in the last five years, leading to a number of
interesting recent applications and developments.
A geodesic current may be thought of as a measure-theoretic analog of the notion of
a conjugacy class in the group, or of a free homotopy class of a closed curve in the sur-
face. More formally, a geodesic current on a free group FN is a positive Borel measure
on ∂2FN := {(x, y) ∈ ∂FN × ∂FN : x 6= y} which is locally finite (i.e., finite on com-
pact subsets), FN -invariant and invariant with respect to the “flip map” ∂
2FN → ∂
2FN ,
(x, y) 7→ (y, x). Equivalently, it is a positive Borel locally finite FN -invariant measure on
the space of 2-element subsets of ∂FN .
This paper is devoted to the study of a natural generalization of the space of geodesic
currents obtained by replacing the space of 2-element subsets of ∂FN by the space CN of
all closed subsets S ⊆ ∂FN such that S consists of at least two points. The space CN
has a natural topology given by the Hausdorff distance for the subsets of ∂FN , where
∂FN is endowed with the standard visual metric provided by any choice of basis in FN
(this topology is independent of the choice of the basis and coincides with the Vietoris
topology). Similarly to the Cantor set ∂FN , the space CN is locally compact and totally
disconnected. See Subsection 3.1 for details about the space CN . A subset current on FN
is a positive locally finite FN -invariant Borel measure on CN , and we consider the space
SCurr(FN ) of all subset currents on FN equipped with the weak-∗ topology and with the
R≥0-linear structure.
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This definition naturally extends to the case where FN is replaced by an arbitrary
word-hyperbolic group, for details see Problem 10.1 below.
The space SCurr(FN ) of subset currents admits a natural Out(FN )-action by R≥0-linear
homeomorphisms, and the space of geodesic currents Curr(FN ) is canonically embedded
in SCurr(FN ) as a closed Out(FN )-invariant R≥0-linear subspace. We show below that
subset currents are measure-theoretic analogs of conjugacy classes of nontrivial finitely
generated subgroups in FN , with geodesic currents corresponding to cyclic subgroups, and
we study this connection in detail.
The space Curr(FN ) of all geodesic currents on FN is a natural counterpart for the
Culler-Vogtmann Outer space cvN , and the present paper explores deeper levels of this
interaction in a more general context of subset currents. The Outer space cvN , introduced
in [25], is a free group “cousin” of the Teuchmu¨ller space and consists of FN -equivariant
isometry classes of free minimal discrete isometric actions of FN on R-trees. Points of
cvN may also be thought of as marked metric graph structures on FN , see Section 2 below
for details. The space cvN comes equipped with a natural Out(FN )-action that factors
through to the action on the projectivized Outer space CVN (whose points are homothety
classes of elements of cvN ). The closure cvN of cvN with respect to the equivariant
Gromov-Hausdorff convergence topology is an important object in the study of dynamics
of Out(FN ) and is known to consist of FN -equivariant isometry classes of all very small
minimal isometric actions of Out(FN ) on R-trees. The projectivization CVN of cvN is a
compact finite-dimensional space analog to Thurston’s compactification of the Teichmu¨ller
space. Compared to the Teichmu¨ller space, the geometry of the Outer space remains much
less understood.
In this regard studying the interaction between the Outer space and the space of currents
proved to be quite useful. This interaction is primarily given by the geometric intersection
form or length pairing: in [45] Kapovich and Lustig proved that there exists a unique
continuous map
〈 , 〉 : cvN × Curr(FN )→ R≥0
which is Out(FN )-invariant, R>0-homogeneous with respect to the first argument, R≥0-
linear with respect to the second argument, and has the property that for every nontrivial
element g ∈ FN and every T ∈ cvN one has
〈T, ηg〉 = ||g||T .
Here ||g||T = infx∈T dT (x, gx) is the translation length of g with respect to T , and
ηg ∈ Curr(FN ) is the counting current associated to g (see Subsection 2.4 for the def-
inition). The set of scalar multiples of all counting currents is a dense subset of Curr(FN ),
which in particular justifies thinking about the notion of a current as generalizing that
of a conjugacy class. This approach provided a number of useful recent applications to
the study of the dynamics and geometry of Out(FN ), such as the results of Kapovich and
Lustig about various analogs of the curve complex in the free group case [45]; a construc-
tion by Bestvina and Feighn, for a given finite collection of iwip elements in Out(FN ), of a
Gromov-hyperbolic graph with an isometric Out(FN )-action, where these iwip automor-
phisms act as hyperbolic isometries; a result of Hamensta¨dt [35] about “lines of minima”
in Outer space; the work of Clay and Pettet [21] on realizability of an arbitrary matrix
from GL(N,Z) as the abelianization action of a hyperbolic iwip element of Out(FN ), and
others (see, for example, [41, 42, 44, 45, 46, 47, 48, 24, 29, 50, 51, 18]).
As noted above, in this paper we extend this framework in a way that allows us to
study the dynamics of the action of Out(FN ) on conjugacy classes of finitely generated
subgroups of Out(FN ) that are not necessarily cyclic.
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In the context of subset currents, we similarly define, given a finitely generated non-
trivial subgroup H ≤ FN , the counting current ηH ∈ SCurr(FN ). For the case where
H = 〈g〉 ≤ FN is infinite cyclic, we actually get ηH = ηg. For a finitely generated nontriv-
ial H ≤ FN , ηH ∈ SCurr(FN ) is defined (see Definition 4.3) as a sum of atomic measures
on the limit set of H and its conjugates. It is then shown (see Theorem 4.19), that it can
equivalently be understood in terms of the corresponding Stallings core graphs.
If a free basis A is fixed in FN , a convenient basis of topology is formed by cylinder
sets. A subset cylinder SCylA(K) ⊆ CN (see Definition 3.2 below) is determined by a
finite non-degenerate subtree K of the Cayley tree XA of FN with respect to A, and it
consists of all those S ∈ CN such that the convex hull of S in XA contains K and such
that every bi-infinite geodesic in XA with both endpoints in S which intersects K in a
non-degenerate segment, enters and exits K through vertices of degree 1 in K.
We develop the appropriate notion of an occurrence of a finite subtree K ⊆ XA in a
Stallings core graph ∆ (see Definition 4.13). Namely, an occurrence of K in ∆ is a locally
injective label-preserving morphism from K into ∆ which is a local homeomorphism at
every point of K except for the terminal vertices of leaves of K. Apart from being a
useful tool in dealing with counting currents, the language of occurrences in core graphs
produces an interesting model of non-linear (that is, not based on a segment of Z) words,
with a good notion of a subword (or “factor”) in such a word. Studying such models is an
active subject of research in combinatorics of words (see, for example, [2]).
As noted earlier, in the context of Curr(FN ), a basic fact of the theory states that the
set of all rational currents, that is of all R≥0-scalar multiples of the counting currents ηg,
where g ∈ FN , g 6= 1, is a dense subset of Curr(FN ). Proofs of this fact are usually relying,
in an essential way, on the “commutative” nature of the dynamical systems associated with
Curr(FN ). Thus, given a free basis A of FN , one can naturally view a geodesic current
on FN as a positive shift-invariant Borel finite measure on the space of bi-infinite freely
reduced words over A±1. Under this correspondence, the counting currents correspond
exactly to the shift-invariant measures supported by periodic orbits of the shift map, and
the density of the set of rational currents is then a consequence of classical results about
density of periodic orbits. In the context of SCurr(FN ) the situation is considerably more
complicated, since the symbolic dynamical systems corresponding to subset currents are
no longer “commutative” in nature. Geometrically, a 2-element subset of ∂FN determines
an infinite unparameterized geodesic line in the Cayley graph XA of FN with respect to
a free basis A, so that a geodesic current may be thought of as an FN -invariant measure
on the space of unparameterized geodesic lines in XA. Similarly, an element S ∈ CN
determines an infinite subtree Y ⊆ XA without degree-one vertices, namely, the convex
hull of S in XA. Thus, once A is chosen, a subset current translates into a positive finite
Borel measure on the space T1(XA) of infinite subtrees of XA containing 1 ∈ FN and
without degree-one vertices. FN -invariance of the current implies that the corresponding
measure on T1(XA) is invariant with respect to the root change. The space T1(XA) may
be viewed as a “branching” analog of the geodesic flow space for XA, since its elements
are infinite trees rather than lines.
Recent results of Bowen [14, 15] and Elek [28] about approximability of such measures
on the space of rooted trees are applicable to our set-up and allow us to conclude in
Theorem 5.8 that the set {rηH |r ≥ 0, H ≤ FN is nontrivial and finitely generated} of
rational subset currents is dense in SCurr(FN ).
The notion of a subset current is related to the study of “invariant random subgroups”.
If G is a locally compact group, an invariant random subgroup is a probability measure
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on the space S(G) of all closed subgroups of G, such that this measure is invariant with
respect to the conjugation action of G on S(G).
The study of invariant random subgroups in various contexts goes back to the work
of Stuck and Zimmer [62] and has recently become an active area of research, see for
example [1, 16, 17, 26, 27, 30, 60, 63, 64]. If G = FN and A is a free basis of FN , one
can view an invariant random subgroup on FN as a measure on the space of all rooted
Stallings core graphs labelled by A, invariant with respect to root change. Note that the
Stallings core graph corresponding to a nontrivial subgroup is never a tree, and, moreover,
every edge in this graph is contained in some nontrivial immersed circuit. By contrast, as
noted above and as we explain in greater detail in Subsection 5.2 below, a subset current
on FN can be viewed as a measure on the space T1(XA) of infinite trees which is invariant
with respect to root change. We plan to investigate deeper connections between these two
notions in a future work.
In this paper we also construct (see Section 7) a continuous Out(FN )-invariant co-
volume form
〈 , 〉 : cvN × SCurr(FN )→ R≥0.
It has properties similar to that of the geometric intersection form on geodesic currents,
except that instead of translation length it computes the co-volume: for any T ∈ cvN and
a nontrivial finitely generated subgroup H ≤ FN , we have 〈T, ηH〉 = vol(H \ TH) where
TH is the convex hull of the limit set of H , and is also the unique minimal H-invariant
subtree of T . For an infinite cyclic H = 〈g〉 ≤ FN we have ||g||T = vol(H \ TH) since
in this case the quotient graph H \ TH is a circle. By contrast to the result of Kapovich
and Lustig [45] for ordinary geodesic currents, we prove (Theorem 7.6 below) that for
N ≥ 3 the co-volume form cvN ×SCurr(FN )→ R≥0 does not extend to a continuous map
cvN × SCurr(FN )→ R≥0.
For a finitely generated subgroup H ≤ FN , the reduced rank, rk(H), is defined as
max{rk(H) − 1, 0}, where rk(H) is the cardinality of a free basis of H . It turns out that
reduced rank uniquely extends to a continuous Out(FN )-invariant R≥0-linear functional
rk : SCurr(FN )→ R≥0, such that for every nontrivial finitely generated H ≤ FN we have
rk(ηH) = rk(H). As we note in Section 10, there are likely deeper connections arising here
with the study of intersections of finitely generated subgroups of free groups.
More open problems regarding subset currents are formulated in Section 10. We believe
that subset currents exhibit considerably more interesting and varied geometric and dy-
namical behavior than geodesic currents, and can provide new and interesting information
about Out(FN ). Indeed, we hope this paper to serve as a starting point for investigating
the space of subset currents in its different aspects, such as Out(FN )-related questions,
connections with invariant random subgroups, connections to the study of ergodic prop-
erties of subgroup actions on ∂FN and their Schreier graphs (see [31]), etc.
We are very grateful to Lewis Bowen for illuminating and helpful conversations and
to the referee for useful comments. The first author also thanks Patrick Reynolds for
pointing out that for a fixed finitely generated subgroup H ≤ FN , the co-volume function
cvN → R≥0, T 7→ ||H ||T , is not continuous on cvN .
2. Outer space and the space of geodesic currents
We give here only a brief overview of basic facts related to Outer space and the space of
geodesic currents. We refer the reader to [25, 40] for more detailed background information.
2.1. Conventions regarding graphs. A graph is a 1-complex. The set of 0-cells of a
graph ∆ is denoted V∆ and its elements are called vertices of ∆. The closed 1-cells of
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a graph ∆ are called topological edges of ∆. The set of all topological edges is denoted
Etop∆. We will sometimes call the open 1-cells of ∆ open edges of ∆. The interior of
every topological edge is homeomorphic to the interval (0, 1) ⊆ R and thus admits exactly
2 orientations (when considered as a 1-manifold). We call a topological edge endowed with
the choice of an orientation on its interior an oriented edge of ∆. The set of all oriented
edges of ∆ is denoted E∆. For an oriented edge e ∈ E∆ changing its orientation to the
opposite produces another oriented edge of ∆ denoted e−1 and called the inverse of e.
Thus −1 : E∆→ E∆ is a fixed-point-free involution. For every oriented edge e of ∆ there
are naturally defined (and not necessarily distinct) vertices o(e) ∈ V∆, called the origin
of e, and t(e) ∈ V∆, called the terminus of e, satisfying o(e−1) = t(e), t(e−1) = o(e). An
orientation on a graph ∆ is a partition E∆ = E+∆ ⊔ E−∆, where for every e ∈ E∆ one
of the edges e, e−1 belongs to E+∆ and the other edge belongs to E−∆.
An edge-path γ of simplicial length |γ| = n ≥ 1 in ∆ is a sequence of oriented edges
γ = e1, . . . , en
such that t(ei) = o(ei+1) for i = 1, . . . , n− 1. We say that o(γ) := o(e1) is the origin of γ
and that t(γ) = t(en) is the terminus of γ. An edge-path is called reduced if it does not
contain a back-tracking, that is a sub-path of the form ee−1, where e ∈ E∆.
To every edge-path γ = e1, . . . , en in ∆ there is a naturally associated continuous map
γ̂ : [0, n]→ ∆ with γ̂(0) = o(γ) and γ̂(n) = t(γ).
A graph morphism f : ∆ → ∆′ is a continuous map from a graph ∆ to a graph ∆′
that maps vertices of ∆ to vertices of ∆′ and such that each open edge of ∆ is mapped
homeomorphically to an open edge of ∆′. Thus f induces natural maps f : E∆ → E∆′
and f : V∆→ V∆′ such that f(e−1) = (f(e)))−1, o(f(e)) = f(o(e)) and t(f(e)) = f(t(e))
for every e ∈ E∆.
2.2. Markings. Let N ≥ 2. We fix a free basis A = {a1, . . . , aN} of FN . We also let
RN to denote the wedge of N loop-edges at a vertex x0. We identify FN with pi1(RN , x0)
by mapping each ai ∈ B to one of the loop edges in RN . We fix this identification
FN = pi1(RN , x0) for the remainder of the paper. The graph RN will be referred to as the
standard N -rose.
A marking on FN is an isomorphism α : FN ∼→ pi1(Γ), where Γ is a finite connected
graph without degree-1 vertices.
To each marking α we also associate a continuous map α̂ : RN → Γ such that α̂ is
a homotopy equivalence and such that α̂# = α. Two markings α1 : FN ∼→ pi1(Γ1) and
α2 : FN ∼→ pi1(Γ2) are equivalent if there exists a graph isomorphism j : Γ1 → Γ2 such
that for the associated continuous maps α̂1 : RN → Γ1 and α̂2 : RN → Γ2, the maps j ◦ α̂1
and α̂2 are freely homotopic. We will usually only be interested in the equivalence class
of a marking, and for that reason an explicit mention of a base-point in the graph Γ in
the definition of a marking will almost always be omitted.
If α : FN ∼→ pi1(Γ) is a marking, then α defines an FN -equivariant quasi-isometry
between FN and Γ˜ (endowed with the simplicial metric, giving every edge of Γ˜ length
1). This quasi-isometry induces an FN -equivariant homeomorphism ∂FN → ∂Γ˜. When
talking about markings, we will usually implicitly assume that ∂FN is identified with ∂Γ˜
via this homeomorphism and write ∂FN = ∂Γ˜.
Each marking α : FN ∼→ pi1(Γ) provides a Hausdorff metric dα on ∂FN as follows. For
ξ, ζ ∈ ∂FN , put dα(ξ, ζ) =
1
2M where M is the length of the maximal common initial
segment of the geodesic rays [x0, ξ) and [x0, ζ) in Γ˜.
A metric graph structure on a graph ∆ is a function L : E∆ → (0,∞) such that
L(e) = L(e−1) for every e ∈ E∆. Equivalently, we may think of a metric graph structure
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on ∆ as a function L : Etop∆→ (0,∞). For an edge-path γ = e1, . . . , en in ∆ the L-length
of γ is L(γ) :=
∑n
i=1 L(e).
A marked metric graph structure on FN is a pair (α,L) where α : FN ∼→ pi1(Γ) is
a marking on FN and L is a metric graph structure on Γ. Two marked metric graph
structures (α1 : FN ∼→ pi1(Γ1),L1) and (α2 : FN ∼→ pi1(Γ2),L2) are equivalent if there
exists a graph isomorphism j : Γ1 → Γ2 such that j : (Γ1,L1) → (Γ2,L2) is an isometry
and such that for the associated continuous maps α̂1 : RN → Γ1 and α̂2 : RN → Γ2,
the maps j ◦ α̂1 and α̂2 are freely homotopic. Note that if (α1 : FN ∼→ pi1(Γ1),L1) and
(α2 : FN ∼→ pi1(Γ2),L2) are equivalent marked metric graph structures on FN then the
markings α1, α2 are equivalent.
2.3. Outer space. Let N ≥ 2. The Outer space cvN consists of all minimal free and
discrete isometric actions on FN on R-trees (where two such actions are considered equal
if there exists an FN -equivariant isometry between the corresponding trees). There are
several different topologies on cvN that are known to coincide, in particular the equivariant
Gromov-Hausdorff convergence topology and the so-called length function topology.
Every T ∈ cvN is uniquely determined by its translation length function ||.||T : FN → R,
where ||g||T is the translation length of g on T . Two trees T1, T2 ∈ cvN are close if the
functions ||.||T1 and ||.||T1 are close point-wise on a large ball in FN . The closure cvN of
cvN in either of these two topologies is well-understood and known to consist precisely of
all the so-called very small minimal isometric actions of FN on R-trees, see [7] and [19].
The automorphism group Aut(FN ) has a natural continuous right action on cvN (that
leaves cvN invariant) defined as follows: for T ∈ cvN and ϕ ∈ Aut(FN ) we have ||g||Tϕ =
||ϕ(g)||T , where g ∈ FN . In terms of tree actions, Tϕ is equal to T as a metric space, but
the action of FN is modified as: g ·
Tϕ
x = ϕ(g) ·
T
x where x ∈ T , g ∈ FN . It is not hard
to see that the subgroup Inn(FN ) ≤ Aut(FN ) of inner automorphisms is contained in the
kernel of the action of Aut(FN ) on cvN . Hence this action quotients through to the action
of Out(FN ) on cvN , where cvN ⊆ cvN is an Out(FN )-invariant dense subset. The right
action of Out(FN ) on cvN can be converted into a left action as follows: for T ∈ cvN and
ϕ ∈ Out(FN ) put ϕT := Tϕ−1.
The projectivized Outer space CVN = PcvN is defined as the quotient cvN/ ∼ where
for T1 ∼ T2 whenever T2 = cT1 in cvN for some c > 0. One similarly defines the projec-
tivization CVN = PcvN of cvN as cvN/ ∼ where ∼ is the same as above. The space CVN
is compact and contains CVN as a dense Out(FN )-invariant subset. The compactification
CVN of CVN is a free group analog of the Thurston compactification of the Teichmu¨ller
space. For T ∈ cvN its ∼-equivalence class is denoted by [T ], so that [T ] is the image of
T in CVN .
Every marked metric graph structure (α : FN ∼→ pi1(Γ),L) defines a point in cvN as
follows. Consider the universal covering tree X = Γ˜ and let dL be the metric on X
obtained by giving every edge of Γ˜ the same length as the L-length of its projection in
Γ. Then X is an R-tree, and the action of FN on X via α by covering transformations
is a free minimal discrete isometric action on (X, dL). Thus (X, dL), equipped with this
action of FN , is a point of cvN .
It is well-known that for two marked metric graph structures (α1 : FN ∼→ pi1(Γ1),L1)
and (α2 : FN ∼→ pi1(Γ2),L2) we have (Γ˜1, dL1)α1 = (Γ˜2, dL2)α2 in cvN if and only if
(α1,L1) is equivalent to (α2,L2). Moreover, every point of cvN comes from some marked
metric graph structure on FN . Namely, if T ∈ cvN , take Γ = FN \ T and endow the
edges of Γ with the same lengths as their lifts in T . Since the action of FN on T is
free and discrete, there is a natural identification FN with pi1(Γ), giving us a marking
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α : FN ∼→ pi1(Γ) on FN . This yields a marked metric graph structure (α : FN ∼→ pi1(Γ),L)
such that T = (Γ˜, dL)α in cvN .
2.4. Geodesic currents. Let ∂2FN := {(x, y)|x, y ∈ ∂FN , x 6= y}. The action of FN by
translations on its hyperbolic boundary ∂FN defines a natural diagonal action of FN on
∂2FN . A geodesic current on FN is a positive Borel measure on ∂
2FN , which is locally
finite (that is finite on all compact subsets), FN -invariant and is also invariant under the
“flip” map ∂2FN → ∂2FN , (x, y) 7→ (y, x).
The space Curr(FN ) of all geodesic currents on FN has a natural R≥0-linear struc-
ture and is equipped with the weak-* topology of point-wise convergence on continuous
functions. Any choice of a marking on FN allows one to think about geodesic currents
as systems of nonnegative weights satisfying certain Kirchhoff-type equations; see [40] for
details. We briefly recall this construction for the case where XA ∈ cvN is the Cayley tree
corresponding to a free basis A of FN . For a non-degenerate geodesic segment γ = [p, q]
in XA the two-sided cylinder CylA(γ) ⊆ ∂2FN consists of all (x, y) ∈ ∂2FN such that the
geodesic from x to y in XA passes through γ = [p, q]. Given a nontrivial freely reduced
word v ∈ F (A) = FN and a current µ ∈ Curr(FN ), the “weight” (v;µ)A is defined as
µ(CylA(γ)) where γ is any segment in the Cayley graph XA labelled by v (the fact that
the measure µ is FN -invariant implies that a particular choice of γ does not matter). A
current µ is uniquely determined by a family of weights
(
(v;µ)A
)
v∈FN−{1}
. The weak-
* topology on Curr(FN ) corresponds to point-wise convergence of the weights for every
v ∈ FN , v 6= 1.
There is a natural left action of Out(FN ) on Curr(FN ) by continuous linear trans-
formations. Specifically, let µ ∈ Curr(FN ), ϕ ∈ Out(FN ) and let Φ ∈ Aut(FN ) be a
representative of ϕ in Aut(FN ). Since Φ is a quasi-isometry of FN , it extends to a homeo-
morphism of ∂FN and, diagonally, defines a homeomorphism of ∂
2FN . The measure ϕµ on
∂2FN is defined as follows. For a Borel subset S ⊆ ∂2FN we have (ϕµ)(S) := µ(Φ−1(S)).
One then checks that ϕµ is a current and that it does not depend on the choice of a
representative Φ of ϕ.
The space of projectivized geodesic currents is defined as PCurr(FN ) = Curr(FN ) −
{0}/ ∼ where µ1 ∼ µ2 whenever there exists c > 0 such that µ2 = cµ1. The ∼-equivalence
class of µ ∈ Curr(FN ) − {0} is denoted by [µ]. The action of Out(FN ) on Curr(FN )
descends to a continuous action of Out(FN ) on PCurr(FN ). The space PCurr(FN ) is
compact.
For every g ∈ FN , g 6= 1 there is an associated counting current ηg ∈ Curr(FN ). If A is
a free basis of FN and the conjugacy class [g] of g is realized by a “cyclic word”W (that is
a cyclically reduced word in F (A) written on a circle with no specified base-vertex), then
for every nontrivial freely reduced word v ∈ F (A) = FN the weight (v; ηg)A is equal to
the total number of occurrences of v±1 in W (where an occurrence of v in W is a vertex
on W such that we can read v in W clockwise without going off the circle). We refer the
reader to [40] for a detailed exposition on the topic. By construction, the counting current
ηg depends only on the conjugacy class [g] of g and it also satisfies ηg = ηg−1 . One can
check [40] that for ϕ ∈ Out(FN ) and g ∈ FN , g 6= 1 we have ϕηg = ηϕ(g). Scalar multiples
cηg ∈ Curr(FN ), where c ≥ 0, g ∈ FN , g 6= 1 are called rational currents. A key fact
about Curr(FN ) states that the set of all rational currents is dense in Curr(FN ). The set
{[ηg g ∈ FN , g 6= 1} is dense in PCurr(FN ).
2.5. Intersection form. In [45] Kapovich and Lustig constructed a natural geometric
intersection form that pairs trees and currents:
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Proposition 2.1. [45] Let N ≥ 2. There exists a unique continuous map 〈, 〉 : cvN ×
Curr(FN )→ R≥0 with the following properties:
(1) We have 〈T, c1µ1 + c2µ2〉 = c1〈T, µ1〉 + c2〈T, µ2〉 for any T ∈ cvN , µ1, µ2 ∈
Curr(FN ), c1, c2 ≥ 0.
(2) We have 〈cT, µ〉 = c〈T, µ〉 for any T ∈ cvN , µ ∈ Curr(FN ) and c ≥ 0.
(3) We have 〈Tϕ, µ〉 = 〈T, ϕµ〉 for any T ∈ cvN , µ ∈ Curr(FN ) and ϕ ∈ Out(FN ).
(4) We have 〈T, ηg〉 = ||g||T for any T ∈ cvN and g ∈ FN , g 6= 1.
3. The space of subset currents
3.1. The space CN . Recall that for a Hausdorff topological space Y , the so-called hyper
space H(Y ) consists of all non-empty closed subsets of Y . The spaceH(Y ) comes equipped
with the Vietoris topology, which has the basis consisting of all sets of the form
〈U1, ..., Un〉 = {B ∈ H(Y )|B ⊂ U1 ∪ ... ∪ Un;B ∩ Ui 6= ∅, i = 1, ..., n},
where {U1, ..., Un} is a family of open subsets in Y .
If Y is a compact metrizable space, then the Vietoris topology coincides with the
Hausdorff topology given by the Hausdorff distance between closed subsets of Y , and in
this case H(Y ) is also compact (see e.g. [36], Chapter b-6). If Y is totally disconnected
then H(Y ) is also totally disconnected.
Definition 3.1 (Space of closed subsets of the boundary). Let N ≥ 3. We denote by CN
the set of all closed subsets S ⊆ ∂FN such that #S ≥ 2. Thus CN ⊆ H(∂FN ) and we
endow CN with the subspace topology inherited from the Vietoris topology on H(∂FN ).
In view of the above remarks, the topology on CN coincides with the Hausdorff topol-
ogy given by the Hausdorff distance Dα on CN with respect to the metric dα on ∂FN
corresponding to any marking α of FN (see 2.2). It is also not difficult to check directly
that the topology on CN defined by the metric Dα does not depend on the choice of the
marking.
The definition also straightforwardly implies that CN is locally compact and totally
disconnected.
The condition that #S ≥ 2 is an important non-degeneracy condition for setting up
the notion of a subset current, analogous to the assumption that ξ 6= ζ for (ξ, ζ) ∈ ∂2FN
in the definition of a geodesic current.
The space CN that interests us in this paper, is the complement in H(∂FN ) of the closed
subspace consisting of 1-element subsets {y}, y ∈ ∂FN .
It will be useful in our study of the space SCurr(FN ) to understand the topology on
CN more explicitly. For this reason we describe the construction of “cylindrical” subsets
in CN .
Definition 3.2 (Cylinders). Let α : FN → pi1(Γ) be a marking on FN , and let X = Γ˜ be
the universal cover of Γ.
We give each edge of Γ and of X length 1, so that X can also be considered an element
of cvN .
Let K ⊂ X be a non-degenerate finite simplicial subtree of X , that is a finite simplicial
subtree with at least two distinct vertices of degree 1. Let e1, . . . , en be all the terminal
edges of K, that is oriented edges whose terminal vertices are precisely all the vertices
of K of degree 1. (Note that n ≥ 2 by the assumption on K.) For each of the edges ei
denote by CylX(ei) ⊆ ∂FN the homeomorphic image of the subset in ∂X consisting of all
equivalence classes of geodesic rays in X beginning with the edge ei.
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Define the subset cylinder SCylα(K) to be the set 〈CylX(e1), ..., CylX(en)〉 ⊂ CN .
Thus for a closed subset S ⊆ ∂FN with #S ≥ 2 we have S ∈ SCylα(K) if and only if the
following hold:
(1) The subset S ⊆ ∂FN is closed.
(2) We have
S ⊆ ∪ni=1CylX(ei).
(3) For each i = 1, . . . , n we have
S ∩ CylX(ei) 6= ∅.
The following key basic fact is a straightforward exercise in unpacking the definitions:
Proposition 3.3. Let α, Γ and X be as in Definition 3.2. Then
(1) For every non-degenerate finite subtreeK ⊆ X the subset SCylα(K) ⊂ SCurr(FN )
is compact and open.
(2) The collection of all SCylα(K), where K varies over all non-degenerate finite
subtrees of X, forms a basis for the topology on CN given in Definition 3.1.
Notation 3.4. Let X be a simplicial tree and let e be an oriented edge of X . Denote by
q(e) the set of all oriented edges e′ in X such that e, e′ is a reduced edge-path in X .
For any set B we denote by P+(B) the set of all nonempty subsets of B.
The following simple lemma is key for the Kirchhoff-type formulas for subset currents
(see Proposition 3.11 below).
Lemma 3.5. Let Γ, X, K ⊂ X be as in Definition 3.2 and let e1, . . . , en be the terminal
edges of K, as in Definition 3.2. Then for every i = 1, . . . , n we have
SCylα(K) = ⊔U∈P+(q(ei))SCylα(K ∪ U).
Proof. Fix i, 1 ≤ i ≤ n. It is obvious from the definitions that for every such nonempty U
we have SCylα(K ∪ U) ⊆ SCylα(K) and hence the union of SCylα(K ∪ U) over all such
U is contained in SCylα(K).
Let S ∈ SCylα(K) be arbitrary. By the definition of SCylα(K) we have S∩CylX(ei) 6=
∅. Let U be the set of all edges e ∈ EX such that there exists a point ξ ∈ S that contains
the geodesic ray in X beginning with the edge-path (ei, e). Then S ⊆ SCylα(K ∪ U).
It follows that
SCylα(K) ⊆ ∪USCylα(K ∪ U)
with U as required. We leave it as an exercise to the reader verifying that the union on
the right-hand side in the above formula is a disjoint union. 
3.2. Subset currents. Observe that the left translation action of FN on ∂FN naturally
extends to a left translation action by homeomorphisms on CN . We can now define the
main notion of this paper:
Definition 3.6 (Subset currents). A subset current on FN is a positive Borel measure µ
on CN which is FN -invariant and locally finite (i.e., finite on all compact subsets of CN ).
The set of all subset currents on FN is denoted SCurr(FN ). The space SCurr(FN )
is endowed with the natural weak-* topology of convergence of integrals of continuous
functions with compact support.
Define an equivalence relation ∼ on SCurr(FN ) − {0} as: µ ∼ µ′ if µ = cµ′ for some
c > 0, where µ, µ′ ∈ SCurr(FN ) − {0}. For a nonzero µ ∈ SCurr(FN ) the ∼-equivalence
class of µ is denoted be [µ] and is called the projective class of µ. Put PSCurr(FN ) =
(SCurr(FN )− {0}) / ∼ and endow PSCurr(FN ) with the quotient topology.
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It is not hard to check (c.f. the proof by Francaviglia [29] of a similar statement
for ordinary geodesic currents on FN ) that the weak-* topology on SCurr(FN ) can be
described in more concrete terms:
Proposition 3.7. Let α : FN → pi1(Γ) be a marking on FN , and let X = Γ˜ be the
universal cover of Γ.
(1) Let µ, µn ∈ SCurr(FN ), where n = 1, 2, . . . . Then limn→∞ µn = µ in SCurr(FN )
if and only if for every finite non-degenerate subtree K of X we have
lim
n→∞
µn(SCylα(K)) = µ(SCylα(K)).
(2) For each finite non-degenerate subtree K of X the function
SCurr(FN )→ R, µ 7→ µ(SCylα(K))
is continuous on SCurr(FN ).
(3) Let µ ∈ SCurr(FN ). For ε > 0 and an integer M ≥ 1 let U(M, ε, µ) be the set of
all µ′ ∈ SCurr(FN ) such that for every finite non-degenerate subtree K of X with
at most M edges we have
|µ′(SCylα(K))− µ(SCylα(K))| < ε.
Then the family {U(M, ε, µ) : M ≥ 1, 0 < ε < 1} forms a basis of open neighbor-
hoods for µ in SCurr(FN ).
The following key observation follows directly from the definition of subset cylinders
(see Definition 3.2 above) and from the fact that subset currents are FN -invariant.
Proposition-Definition 3.8 (Weights). Let α : FN → pi1(Γ) be a marking on FN , let
X = Γ˜, and let K be a finite non-degenerate subtree of X . Then for every element g ∈ FN
we have
gSCylα(K) = SCylα(gK)
and
(∗) µ(SCylα(K)) = µ(gSCylα(K)).
We denote
(K;µ)α := µ(SCylα(K))
and call it the weight of K in µ. For a given finite subtree K of X , we denote the FN -
translation class of K by [K] (so that [K] consists of all the translates of K by elements
of FN ). We put
([K];µ)α := (K;µ)α
and call it the weight of [K] in µ. In view of (∗), the weight ([K];µ)α is well-defined and
does not depend on the choice of K in [K]. It defines a continuous function on SCurr(FN ).
Corollary 3.9. Let α,Γ and X be as in Proposition 3.3. Let K be a finite non-degenerate
subtree of X. Then the function f : SCurr(FN ) → R given by f(µ) = (K;µ)α, where
µ ∈ SCurr(FN ), is continuous.
Notation 3.10. Let α,Γ and X be as in Proposition 3.3. For every topological edge
e ∈ EtopΓ denote by e˜ the subgraph of X = Γ˜ consisting of any lift of e. By FN -invariance
of subset currents, the weight (e˜;µ)α depends only on µ, α and e and does not depend on
the choice of a lift e˜ of e to X . We thus denote (e;µ)α := (e˜;µ)α.
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Proposition 3.11 (Kirchhoff formulas for weights). Let α : FN → pi1(Γ) be a marking
on FN , let X = Γ˜, and let K be a finite non-degenerate subtree of X with terminal edges
e1, . . . , en, as in Definition 3.2. Let µ ∈ SCurr(FN ). Then for every i = 1, . . . , n we have
(⋆) (K;µ)α =
∑
U∈P+(q(ei))
(K ∪ U ;µ)α,
in notations of 3.4.
Proof. The statement follows directly from Lemma 3.5 and from the fact that µ is finite-
additive. 
Since the Borel σ-algebra on CN is generated by the collection of all subset cylinders, it
follows, by Kolmogorov Extension Theorem, that any FN -invariant system of weights on
all the subset cylinders satisfying the Kirchhoff formulas actually defines a subset current:
Proposition 3.12. Let α,Γ and X be as in Proposition 3.11. Let KΓ be the set of all
finite non-degenerate simplicial subtrees of X and let
ϑ : KΓ → [0,∞)
be a function satisfying the following conditions:
(1) For every K ∈ KΓ and every g ∈ FN we have ϑ(gK) = ϑ(K).
(2) For every K ∈ KΓ and every terminal edge e of K we have
ϑ(K) =
∑
U∈P+(q(e))
ϑ(K ∪ U).
Then there exists a unique µ ∈ SCurr(FN ) such that for every K ∈ KΓ we have
ϑ(K) = (K;µ)α.
Proposition 3.13. The space SCurr(FN ) is locally compact and the space PSCurr(FN )
is compact.
Proof. It follows from the definition of SCurr(FN ) as the space of FN -invariant locally
finite positive Borel measures on CN that SCurr(FN ) is metrizable. Then to show local
compactness it suffices to establish sequential local compactness of SCurr(FN ).
Consider a marking α : FN ∼→ pi1(Γ). It is not hard to show, using Proposition 3.11,
Proposition 3.8 and a standard diagonalization argument for individual weights, that for
every C > 0 the sets
{µ ∈ SCurr(FN ) :
∑
e∈EtopΓ
(e˜;µ)α ≤ C}
and
{µ ∈ SCurr(FN ) :
∑
e∈EtopΓ
(e˜;µ)α = C}
are sequentially compact. This implies local compactness of SCurr(FN ) and compactness
of PSCurr(FN ). 
Remark 3.14. Recall also that elements of Curr(FN ) are positive locally finite FN -
invariant Borel measures on the space of 2-element subsets in ∂FN which is clearly a closed
FN -invariant subset of CN . Hence the space Curr(FN ) can be thought of as canonically
embedded in SCurr(FN ), Curr(FN ) ⊆ SCurr(FN ), and it is not hard to see that Curr(FN )
is a closed subset of SCurr(FN ). Moreover, once the action of Out(FN ) on SCurr(FN )
is defined in Section 6 below, it will be obvious that Curr(FN ) is an Out(FN )-invariant
subset of SCurr(FN ). For similar reasons PCurr(FN ) ⊆ PSCurr(FN ) is a closed Out(FN )-
invariant subset.
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4. Rational subset currents
4.1. Counting and rational subset currents. Recall that for a subgroup H ≤ G of a
group G the commensurator or virtual normalizer CommG(H) of H in G is defined as
CommG(H) := {g ∈ G|[H : H ∩ gHg
−1] <∞, and [gHg−1 : H ∩ gHg−1] <∞}.
It is easy to see that CommG(H) is again a subgroup of G and that H ≤ CommG(H).
Suppose now that N ≥ 2 and H ≤ FN is a nontrivial subgroup of FN . The limit set
Λ(H) of H in ∂FN is the set of all ξ ∈ ∂FN such that there exists a sequence hn ∈ H ,
n ≥ 1 satisfying
lim
n→∞
hn = ξ in FN ∪ ∂FN .
We recall some elementary properties of limit sets. We see in particular that for every
H ≤ FN , H 6= 1 we have Λ(H) ∈ CN .
Proposition 4.1. Let H ≤ FN be a nontrivial subgroup. Then:
(1) The limit set Λ(H) is a closed H-invariant subset of ∂FN . If H is infinite cyclic,
Λ(H) consists of two distinct points; if H is not cyclic, Λ(H) is infinite.
(2) For any ξ ∈ Λ(H) the closure of the orbit Hξ in ∂FN is equal to Λ(H).
(3) For every g ∈ G
Λ(gHg−1) = gΛ(H).
(4) If H ≤ Q ≤ FN then Λ(H) ⊆ Λ(Q).
(5) Either H is infinite cyclic and Λ(H) consists of exactly two distinct points or H
contains a nonabelian free subgroup and Λ(H) is uncountable.
(6) Let T ∈ cvN and let ConvT (Λ(H)) be the convex hull of Λ(H) in T , that is, the
union of all bi-infinite geodesics in T with endpoints in Λ(H). Then ConvT (Λ(H)) =
TH is the unique minimal H-invariant subtree of T .
Another useful basic fact relates limit sets of finitely generated subgroups and their
commensurators (see [52, 49] for details).
Proposition 4.2. Let H ≤ FN be a nontrivial finitely generated subgroup. For a subset
Z ⊆ ∂FN denote StabFN (Z) := {g ∈ FN : gZ = Z}. Then
(1) StabFN (Λ(H)) = CommFN (H) and [CommFN (H) : H ] <∞.
(2) Λ(H) = Λ(CommFN (H)).
(3) For H1 = CommFN (H) we have CommFN (H1) = H1.
(4) Let L ≤ FN such that H ≤ L. Then [L : H ] <∞ if and only if L ≤ CommG(H).
(5) Suppose H = 〈g〉, where g ∈ FN , g 6= 1. Then H = CommFN (H) if and only if g
is not a proper power in FN , that is, if and only if H is a maximal infinite cyclic
subgroup of FN .
Definition 4.3. Let H ≤ FN be a nontrivial finitely generated subgroup.
(1) Suppose first that H = CommFN (H). Define the measure ηH on CN as
ηH :=
∑
H1∈[H]
δΛ(H1),
where [H ] is the conjugacy class of H in FN .
(2) Now let H ≤ FN be an arbitrary nontrivial finitely generated subgroup. Put
H0 := CommFN (H) and let m := [H0 : H ]. Proposition 4.2 implies that m < ∞
and that H0 = CommFN (H0). Then put ηH := mηH0 .
Lemma 4.4. Let H ≤ FN be a nontrivial finitely generated subgroup. Then ηH ∈
SCurr(FN ).
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Proof. It is enough to show that ηH ∈ SCurr(FN ) for the case where H = CommFN (H).
Thus we assume that H ≤ FN is a nontrivial finitely generated subgroup with H =
CommFN (H). Fix a free basis A of FN and let X be the Cayley graph of FN with respect
to A.
Part (3) of Proposition 4.1 implies that ηH is an FN -invariant positive Borel measure
on CN . Thus it remains to check that ηH(C) < ∞ for every compact C ⊆ CN . Every
compact subset of CN is the union of finitely many cylinder subsets. Thus we only need
to check that ηH(SCylX(K)) <∞ for every finite non-degenerate subtree K of X . After
replacing K by its FN -translate, we may assume that the element 1 ∈ FN is a vertex of K.
Also, since ηH depends only on the conjugacy class of H , after replacing H by a conjugate
we may assume that 1 ∈ XH = ConvX(Λ(H)).
Recall from Proposition 4.1 that ConvX(Λ(H)) = XH is the unique minimal H-
invariant subtree of X . Whenever g ∈ FN is such that gΛ(H) = Λ(gHg
−1) ∈ SCylX(K),
we have 1 ∈ ConvX(Λ(H)) = XH . Thus it suffices to show that the number of distinct
translates gXH of XH that contain 1 ∈ FN is finite.
It is not hard to see, since by assumption 1 ∈ XH , that for g ∈ FN we have 1 ∈ gXH if
and only if g ∈ V (XH) ⊆ FN .
Since XH is the minimal H-invariant subtree and H is finitely generated, the quotient
H \XH is a finite graph. In particular H \V (XH) is a finite set. Every H-orbit of a vertex
of XH is a coset class uH for some u ∈ FN . Thus there exists a finite set u1, . . . , um ∈ FN
such that V (XH) = {uih|h ∈ H, 1 ≤ i ≤ m}. For g = uih, where h ∈ H , 1 ≤ i ≤ m, we
have gXH = uihXH = uiXH . Thus indeed there are only finitely many translates of XH
that contain 1 ∈ FN . Therefore ηH(SCylX(K)) <∞, as required.

Definition 4.5 (Rational and counting currents). For a nontrivial finitely generated H ≤
FN , we call ηH ∈ SCurr(FN ) given by Definition 4.3 and Lemma 4.4 the counting subset
current associated to H .
A subset current µ ∈ SCurr(FN ) is called rational if µ = rηH for some r ≥ 0 and some
nontrivial finitely generated subgroup H ≤ FN .
Definition 4.3 directly implies:
Proposition 4.6. Let H ≤ FN be a nontrivial finitely generated subgroup and let H
′ =
gHg−1 for some g ∈ FN . Then ηH = ηH′ .
The above statement has a partial converse:
Proposition 4.7. Let H,H ′ ≤ FN be nontrivial finitely generated subgroups such that
H = CommFN (H) and H
′ = CommFN (H
′). Then ηH = ηH′ if and only if [H ] = [H
′].
Proof. We have already seen that if [H ] = [H ′] then ηH = ηH′ .
Suppose now that ηH = ηH′ . Choose a marking α : FN → pi1(Γ) on FN . Let X = Γ˜.
Let K ∈ KΓ be such that Λ(H) ∈ SCylα(K). Since ηH(SCylα(K)) < ∞ and
ηH′(SCylα(K)) <∞, Definition 4.3 implies that only finitely many distinct FN -translates
of Λ(H) and Λ(H ′) belong to SCylα(K). Let these translates be g1Λ(H), . . . , gmΛ(H)
and f1Λ(H
′), . . . , ftΛ(H
′), with g1 = 1. Thus we have m + t distinguished points in the
open set SCylα(K). Since CN is metrizable and Hausdorff, we can find an open subset
V of SCylα(K) such that V contains exactly one of these m+ t points, namely the point
g1Λ(H) = Λ(H). Since the cylinder subsets form a basis of open sets for CN , there exists
a finite subtree K1 of X such that Λ(H) ∈ SCylα(K1) ⊆ V . Thus Λ(H) ∈ SCylα(K1)
and no FN -translate of Λ(H),Λ(H
′), distinct from Λ(H), belongs to SCylα(K1). Then
ηH(SCylα(K1)) = 1. By assumption ηH = ηH′ and hence ηH′ (SCylα(K1)) = 1. Thus, by
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definition of ηH′ , there is a unique translate gΛ(H
′), where g ∈ FN , such that gΛ(H ′) ∈
SCylα(K1). By the choice of K1, the only FN -translate of Λ(H),Λ(H ′) contained in
SCylα(K1) is Λ(H). Therefore Λ(H) = gΛ(H ′) so that Λ(H) = gΛ(H ′) = Λ(gH ′g−1).
Since H = CommFN (H) and gH
′g−1 = CommFN (gH
′g−1), Proposition 4.2 implies
that
H = StabFN (Λ(H)) = StabFN (Λ(gH
′g−1)) = gH ′g−1,
and [H ] = [H ′], as required. 
4.2. Γ-graphs. We need to introduce some terminology slightly generalizing the standard
set-up of Stallings foldings for subgroups of free groups (see [61, 49]). That set-up usually
involves choosing a free basis A of FN and considering graphs whose edges are labelled
by elements of A±1. Choosing a free basis A of FN corresponds to a marking on FN that
identifies FN with the fundamental group of the standard N -rose RN . We need to relax
the requirement that the graph in question be RN .
Definition 4.8 (Γ-graphs). Let Γ be a finite connected graph without degree-one and
degree-two vertices. A Γ-graph is a graph ∆ together with a graph morphism τ : ∆→ Γ.
For a vertex x ∈ V∆ we say that the type of x is the vertex τ(x) ∈ V Γ. Similarly, for
an oriented edge e ∈ EΓ the type of e, or the label of e is the edge τ(e) of Γ.
Note that every covering of Γ has a canonical Γ-graph structure. In particular, Γ itself
is a Γ-graph and so is the universal cover Γ˜ of Γ. Also, every subgraph of a Γ-graph is
again a Γ-graph.
Note that for a graph ∆ a graph-morphism τ : ∆ → Γ can be uniquely specified by
assigning a label τ(e) ∈ EΓ for every e ∈ E∆ in such a way that τ(e−1) = (τ(e))−1 and
such that for every pair of edges e′, e′ ∈ E∆ with o(e) = o(e′) we have o(τ(e)) = o(τ(e′)) ∈
V Γ. Thus we usually will think of a Γ-graph structure on ∆ as such an assignment of
labels τ : E∆ → EΓ. Also, by abuse of notation, we will often refer to a graph ∆ as a
Γ-graph, assuming that the graph morphism τ : ∆→ Γ is implicitly specified.
Definition 4.9 (Γ-graph morphism). Let τ1 : ∆1 → Γ and τ2 : ∆2 → Γ be Γ-graphs. A
graph morphism f : ∆1 → ∆2 is called a Γ-graph morphism, if it respects the labels of
vertices and edges, that is if τ1 = τ2 ◦ f .
Definition 4.10 (Folded Γ-graph). Let ∆ be a Γ-graph. For a vertex x ∈ V∆ denote by
Lk∆(x) (or just by Lk(x)) the link of x, namely the function
Lk∆(x) : EΓ→ Z≥0
where for every e ∈ EΓ the value (Lk∆(x)) (e) is the number of edges of ∆ with origin x
and label e.
A Γ-graph ∆ is said to be folded if for every vertex x ∈ V∆ and every e ∈ EΓ we have
(Lk∆(x)) (e) ≤ 1.
If ∆ is folded, we will also think of Lk∆(x) as a subset of EΓ consisting of all those
e ∈ EΓ with (Lk∆(x)) (e) = 1, that is, of all e ∈ EΓ such that there is an edge in ∆ with
origin x and label e.
The following is an immediate corollary of the definitions.
Lemma 4.11. Let ∆ be a Γ-graph and let τ : ∆ → Γ be the associated graph morphism.
Then:
(1) ∆ is folded if and only if τ is an immersion.
(2) Suppose ∆ is connected. Then ∆ is a covering of Γ if and only if Lk∆(x) =
LkΓ(τ(x)) for every x ∈ V∆.
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(3) Let ∆1,∆2 be two Γ-graphs such that ∆1 is connected and ∆2 is folded. Let
x1 ∈ V∆1, x2 ∈ V∆2 be vertices of the same type x ∈ V Γ. Then there exists at
most one Γ-graph morphism f : ∆1 → ∆2 such that f(x1) = x2.
Definition 4.12 (Γ-core graph). Referring to Stallings’ notion of core graphs, [61], we say
that a finite Γ-graph ∆ is a Γ-core graph if ∆ is cyclically reduced, that is it is folded and
has no degree-one and degree-zero vertices.
Informally, we think of Γ- core graphs as generalizations of cyclic words, over the
“alphabet” Γ. We need the following analog of the notion of a subword in this context:
Definition 4.13 (Occurrence). Let K ⊆ Γ˜ be a finite non-degenerate subtree, considered
together with the canonical Γ-graph structure inherited from Γ˜. Let ∆ be a finite Γ-core
graph. An occurrence of K in ∆ is a Γ-graph morphism f : K → ∆ such that for every
vertex x of K of degree at least 2 in K we have LkK(x) = Lk∆(f(x)).
We denote the number of all occurrences of K in ∆ by (K; ∆)Γ, or just (K; ∆).
In topological terms, a Γ-graph morphism f : K → ∆ is an occurrence of K in ∆ if f
is an immersion and if f is a covering map at every point x ∈ K (including interior points
of edges) except for the degree-1 vertices of K. That is, for every x ∈ K, other than a
degree-1 vertex of K, f maps a small neighborhood of x in K homeomorphically onto a
small neighborhood of f(x) in ∆.
Proposition 4.14. Let α : FN → pi1(Γ) be a marking on FN and let X = Γ˜. As before
(see 3.12), let KΓ denote the set of all non-degenerate finite simplicial subtrees of X. Let
∆ be a finite Γ-core graph. Define ϑ∆ : KΓ → R as
ϑ∆(K) := (K; ∆)Γ
for each K ∈ KΓ.
Then the function ϑ∆ satisfies the conditions of Proposition 3.12. Thus there is a
unique subset current µ∆ ∈ SCurr(FN ) such that for every K ∈ K∆
(K;µ∆)α = (K; ∆)Γ
Proof. We will see later on that, for a connected ∆, the function ϑ∆ defines the counting
current of a finitely generated subgroup of FN . However, we think it is useful to have a
direct argument for Proposition 4.14.
It easily follows from the definitions that for every K ∈ KΓ and every g ∈ FN we have
(K; ∆)Γ = (gK; ∆)Γ. Thus we only need to verify that the condition (2) of Proposition 3.12
holds for ϑ∆.
Let K ∈ KΓ and let e be a terminal edge of K, as in Definition 3.2. Consider the set of
trees
Q(K, e) = {K ∪ U |U ∈ P+(q(e))},
as in Notation 3.4. Thus each element of Q(K, e) is obtained by adding to K a nonempty
subset U from the set of edges q(e).
We now construct a function D from the set R of all occurrences of K in ∆ to the set
R′ of all occurrences of elements of Q(K, e) in ∆. Put x := t(e) ∈ V K.
Let f : K → ∆ be an occurrence of K. Since ∆ is a core graph, the vertex y = f(x)
has degree bigger than 1 in ∆. Note that f(e−1) is an edge of ∆ with initial vertex y.
Put U0 to be the set of the labels of all the edges in ∆ with origin y, excluding the edge
f(e−1). Thus U0 is nonempty. Let U be the set of all edges in Γ˜ with initial vertex x and
with label belonging to U0. Put K
′ = K ∪ U , so that K ′ ∈ Q(K, e). We now extend f
to a morphism f ′ : K ′ → ∆ by sending every edge from U to the unique edge in ∆ with
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the same label and with origin y. Then by construction, f ′ is a Γ-graph morphism whose
restriction to K is f and, moreover, LkK′(x) = Lk∆(y). Therefore f
′ is an occurrence of
K ′ in ∆. We put D(f) := f ′.
This defines a function D : R → R′. By construction, this function is injective. More-
over, D is clearly onto. Indeed, if K ′ = K∪U ∈ Q(K, e) and f ′ : K ′ → ∆ is an occurrence
of K ′ in ∆ then f := f ′|K is an occurrence of K in ∆ and D(f) = f ′. Thus D is a
bijection, and hence R and R′ have equal cardinalities. It follows that
(K; ∆)Γ =
∑
U∈P+(q(e))
(K ∪ U ; ∆)Γ,
as required. 
Note that if ∆ is a finite Γ-core graph with connected components ∆1, . . . ,∆k, then
each ∆i is again a Γ-core graph and we have
µ∆ = µ∆1 + · · ·+ µ∆k .
We leave it to the reader to verify the following:
Lemma 4.15. Let ∆ be as in Proposition 4.14 and assume that ∆ is connected. Let ∆̂
be an m-fold cover of ∆ for some m ≥ 1. Then µ∆̂ = mµ∆
4.3. Counting currents and Γ-graphs. We now want to relate the current constructed
in Proposition 4.14 to counting currents of finitely generated subgroups of FN .
Let α : FN → pi1(Γ) be a marking on FN , and let X := Γ˜. Recall from Subsection
2.2 that ∂FN and ∂X are identified via the homeomorphism induced by α. Note that if
S ∈ CN , the fact that S has cardinality at least 2 implies that its convex hull ConvX(S) is
nonempty. Moreover, it is easy to see that ConvX(S) is an infinite subtree of X without
any degree-1 vertices. Let us denote by T (X) the set of all infinite subtrees of X without
degree-1 vertices.
The following statement is an elementary consequence of the definitions and we leave
the details to the reader.
Proposition 4.16. Let α,Γ, X be as above. Then
(1) For any S ∈ CN we have ∂ConvX(S) = S and for any Y ∈ T (X) we have
Y = ConvX(∂Y ).
(2) The convex hull operation yields a bijection ConvX : CN → T (X) which is FN -
equivariant: for any S ∈ CN and g ∈ FN we have ConvX(gS) = gConvX(S).
(3) For any S ∈ C we have ∂ConvX(S) = S and for any Y ∈ T (X) we have Y =
ConvX(∂Y ).
Recall that if T ∈ cvN and ifH ≤ FN is a nontrivial subgroup, there is a unique smallest
H-invariant subtree of T denoted TH , and, moreover TH has no degree-one vertices.
Propositions 4.16, 4.1 and 4.2 easily imply:
Proposition 4.17. Let α,Γ, X be as above. Let H ≤ FN be a nontrivial finitely generated
subgroup and let XH be the minimal H-invariant subtree of X. Then:
(1) XH ∈ T (X) and XH = ConvX(Λ(H)).
(2) For any g ∈ FN , gXH = XgHg−1 .
(3) H = CommFN (H) if and only if StabFN (XH) = H.
Convention 4.18 (Γ-core graphs representing conjugacy classes of subgroups of FN ).
Let α : FN → pi1(Γ) be a marking on FN , and let X := Γ˜. Let H ≤ FN be a finitely
generated subgroup and let XH be the minimal H-invariant subtree of X . Note that,
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being a subgraph of Γ˜, the tree XH comes equipped with a canonical Γ-graph structure
XH → Γ (which is just the restriction to XH of the universal covering map Γ˜→ Γ) which
is FN -invariant. Put ∆ = H \XH . Then ∆ is a finite connected graph without degree-1
vertices (by minimality of XH); that is, ∆ is a Γ-core graph. Moreover, ∆ inherits a
natural Γ-graph structure from XH .
It is easy to see, in view of part (2) of Proposition 4.17, that the isomorphism type of
∆ as a Γ-graph depends only on the conjugacy class [H ] of H in FN . Thus we say that ∆
is the Γ-core graph representing [H ].
We can also describe ∆ as follows: ∆ is the core of Γ̂ = H \X , that is, ∆ is the union
of all immersed (but not necessarily simple) circuits in Γ̂. Thus ∆ and Γ̂ are homotopy
equivalent, and ∆ is obtained from Γ̂ by “cutting-off” a (possibly empty) collection of
infinite tree “hanging branches”. Also, ∆ is the smallest subgraph of Γ̂ whose inclusion in
Γ̂ is a homotopy equivalence with Γ̂. The labelling map τ : ∆→ Γ satisfies τ#(pi1(∆)) = H .
In fact τ# is an isomorphism between pi1(∆) and H and sometimes, by abuse of notation,
we will write pi1(∆) = H .
Theorem 4.19. Let α : FN → pi1(Γ) be a marking on FN . Let H ≤ FN be a nontriv-
ial finitely generated subgroup such that CommFN (H) = H. Let ∆ be the Γ-core graph
representing [H ]. Then ηH = µ∆.
Proof. We need to show that for every finite non-degenerate subtree K of X = Γ˜ we have
(K; ηH)α = (K;µ∆)α.
Choose a vertex x0 in K and let v0 be the projection of x0 in Γ. We may assume that
v0 is the base-point of Γ and that α : FN ∼→ pi1(Γ, v0). Recall that XH = ConvX(ΛH) is
the smallest H-invariant subtree of X . By replacing H by its conjugate if necessary, we
may assume that x0 ∈ XH . Moreover, ∆ = H \XH , and (XH , x0) is canonically identified
with (˜∆, y0), where y0 is the image of x0 under the projection p : XH → ∆.
We need to show that the number (K; ∆)α of occurrences of K in ∆ is equal to the
number of distinct FN -translates of XH that contain K. We will construct a function Q
from the set of occurrences of K in ∆ to the set of FN -translates of XH that contain K.
Let f : K → ∆ be an occurrence of K in ∆. Choose an edge-path γ from y0 to f(x0)
in ∆. The fact that both y0 and f(x0) project to v0 in Γ implies that the (unique) lift
γ˜ of γ to an edge-path in X with origin x0 has its terminal vertex of the form gx0 for
some (unique) g ∈ FN . Then the definition of occurrence of K in ∆ and the fact that ∆˜
is identified with XH imply that gK ⊆ XH and so K ⊆ g−1XH . We set Q(f) := g−1XH .
We need to check that Q(f) is well-defined, that is, that the translate g−1XH does not
depend on the particular choice of an edge-path γ from y0 to f(x0) in ∆. Indeed, if γ
′ is
another such edge-path, then γ′γ−1 ∈ pi1(∆, y0) = H . Hence if γ′ lifts to an edge-path
from x0 to g
′x0 in X , we have g
′g−1 ∈ H , so that g−1 = (g′)−1h for some h ∈ H and hence
g−1XH = (g
′)−1XH . Thus the translate g
−1XH containing K is uniquely determined by
the occurrence f : K → ∆ of K in ∆, so that Q(f) is well-defined. Hence we have
constructed a map Q from the set of occurrences of K in ∆ to the set of FN -translates of
XH containing K.
We claim that the map Q is injective. Indeed, let f1 : K → ∆ be another occurrence of
K in ∆. Let γ1 be an edge-path in ∆ from y0 to f1(x0) and let g1 ∈ FN be such that the
lift to X of γ1 with origin x0 has terminus g1x0. Suppose that g
−1
1 XH = g
−1XH . Then
g1g
−1XH = XH and hence g1g
−1 ∈ CommFN (H). By assumption, on H = CommFN (H),
so that g1g
−1 ∈ H and g1 = hg for some h ∈ H .
However, since pi1(∆, y0) = H , it follows that h labels a closed edge-path from y0 to y0
in ∆ and hence, up to edge-path reductions, γ1 = βγ for some closed loop β from y0 to
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y0 in ∆. Therefore the termini of γ and γ1 are the same, that is f(x0) = f1(x0) ∈ V∆.
It follows, since all the graphs under consideration are folded, that f = f1. Thus indeed,
the map Q is injective.
We claim that Q is also surjective. Suppose a translate g−1XH contains K. Then XH
contains gK. Both x0 and gx0 belong to XH and hence the geodesic edge-path [x0, gx0]
is contained in XH . This edge-path projects to an edge-path γ in ∆ = H \XH from y0 to
the vertex z0 which is the image of gx0 in ∆ under the projection p : XH → ∆. Since p
is a covering map, f : K → ∆ defined as f(x) = p(g(x)), x ∈ K, is an occurrence of K in
∆, with f(x0) = z0. The definition of Q now gives Q(f) = g
−1XH .
Thus Q is a bijection between the set of occurrences of K in ∆ and the set of FN -
translates of XH containing K. It follows that (K; ηH)α = (K;µ∆)α, as required. 
Corollary 4.20. Let H ≤ FN be any nontrivial finitely generated subgroup. Let α : FN →
Γ be a marking and let ∆ be the Γ-core graph
representing [H ]. Then ηH = µ∆.
Proof. Put H1 = CommFN (H). Then by Proposition 4.2 H1 = CommFN (H1), and
[H1 : H ] = m < ∞. Let ∆1 be the Γ-core graph representing [H1]. Therefore by
Theorem 4.19 ηH1 = µ∆1 . Moreover, ∆ is an m-fold cover of ∆1 and hence by Lemma 4.15
µ∆ = mµ∆1 . Also, by definition, ηH = mηH1 . Hence ηH = mηH1 = mµ∆1 = µ∆, as
required. 
5. Rational currents are dense
Convention 5.1. In order to avoid technical complications in the proof of the main
result of this Section, Theorem 5.8 in Subsection 5.4 below, we will restrict ourselves in
this section to only considering Γ-graphs for Γ = RN , the standard N -rose. The universal
cover X = R˜N is then the Cayley graph of FN with respect to some basis. We will fix
some basis A in FN and we will think of A as defining a marking αA : FN → RN , that
will also be fixed for the remainder of this Section.
Note that an RN -structure on a graph ∆ can be specified by assigning every edge
e ∈ E∆ a label τ(e) ∈ A±1 so that τ(e−1) = (τ(e))−1.
5.1. Linear span of rational currents.
Proposition 5.2. Denote by SCurrr(FN ) the set of all rational subset currents. Let
Span (SCurrr(FN )) denote the R≥0-linear span of SCurrr(FN ).
Let N ≥ 2. Then the set SCurrr(FN ) is a dense subset of Span (SCurrr(FN )).
Proof. We need to show that an arbitrary linear combination c1ηH1 + · · ·+ ckηHk (where
k ≥ 1, ci ∈ R≥0) can be approximated by currents of the form cηH , where c ∈ R≥0.
Arguing by induction on k, we see that it suffices to prove this statement for k = 2.
Every current of the form c1ηH1 + c2ηH2 , where c1, c2 ∈ R≥0 can be approximated
by currents of the form r1ηH1 + r2ηH2 , where r2, r2 are positive rational numbers. Thus
it suffices to approximate by rational currents every current of the form r1ηH1 + r2ηH2
where r1, r2 > 0 are rational numbers. Taking r1, r2 to a common denominator, we have
r1 = p1/q, r2 = p2/q where p1, p2, q > 0 are integers. Since dividing a rational current by q
again yields a rational current, it is enough to approximate by rational currents all currents
of the form p1ηH1 + p2ηH2 where p1, p2 are positive integers. However, p1ηH1 = ηL1 ,
p2ηH2 = ηL2 , where Li is a subgroup of index pi in Hi for i = 1, 2. Thus we only need to
show that the sum of any two counting currents can be approximated by rational currents.
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Suppose now that H1, H2 ≤ FN are two nontrivial finitely generated subgroups and
let µ = ηH1 + ηH2 . For i = 1, 2 let ∆i be the RN -core graph representing [Hi], as in
Convention 4.18. Thus, by Theorem 4.19, ηHi = µ∆i for i = 1, 2.
For n = 1, 2, . . . let Λi,n be a connected n-fold cover of ∆i. We now define a sequence
of finite connected RN -core graphs as follows. Let n ≥ 1. First assume that each of Λ1,n,
Λ2,n has a vertex vi,n of degree < 2N , where i = 1, 2. Then, since A
±1 contains at least
4 distinct letters, there exists an RN -graph [u1, u2], which is a segment of three edges
with origin denoted u1 and terminus denoted u2, such that identifying the origin of this
segment with v1,n and the terminus of this segment with v2,n yields a folded RN -graph:
Λn := Λ1,n ∪ Λ2,n ∪ [u1, u2]/ ∼
where u1 ∼ v1,n, u2 ∼ v2,n. Note that by construction Λn is connected and cyclically
reduced.
Suppose now that Λ1,n has a vertex v1,n of degree < 2N but that every vertex in Λ2,n
has degree 2N .
Let v2,n be any vertex of Λ2,n. Let Λ
′
2,n be obtained from Λ2,n by removing one of the
edges incident to v2,n. Note that Λ
′
2,n is still finite, connected and cyclically reduced.
Then, as in the previous case, there exists a simplicial segment [u1, u2] consisting of
three edges labelled by elements of A±1 such that
Λn := Λ1,n ∪ Λ
′
2,n ∪ [u1, u2]/ ∼
is a folded RN -graph, where u1 ∼ v1,n, u2 ∼ v2,n. Again, by construction, Λn is connected
and cyclically reduced. In the case where Λ2,n has a vertex of degree < 2N but that every
vertex in Λ1,n has degree 2N , we define Λn in a similar way.
Suppose now that for i = 1, 2 every vertex of Λi,n has degree 2N . Then Λi,n is a finite
cover of RN , so that ∆1,∆2 are both finite covers of RN . Let mi ≥ 1 be such that ∆i is
an mi-fold cover of RN . Choose Λn to be any connected n(m1 +m2)-fold cover of RN .
This defines the sequence Λn, n = 1, 2, . . . of finite, connected RN -core graphs. We
claim that
(!) lim
n→∞
1
n
µΛn = µ∆1 + µ∆2 in SCurr(FN ).
We need to show that for every finite non-degenerate subtree K of X we have
(!!) lim
n→∞
1
n
(K; Λn) = (K; ∆1) + (K; ∆2).
Let us fix such a subtree K. Let n ≥ 1 be arbitrary. If Λn is of the last described type,
where both Λ1,n and Λ2,n are finite covers ofRN , then by construction µΛn = n(µ∆1+µ∆2),
and (!!) obviously holds. Suppose now that one of the other cases in the construction of
Λn occurs. Since the graph Λn is folded, and has a vertex degree ≤ 2N , all but a bounded
number (in terms of some constant depending on K but independent of n), occurrences
of K in Λn are disjoint from the segment [v1,n, v2,n] and thus come from occurrences of K
in Λ1,n ⊔ Λ2,n. Hence ∣∣(K; Λn)− (K; Λ1,n)− (K; Λ2,n)∣∣ ≤ CK
for some constant CK independent of n. Since Λi,n is an n-fold cover of ∆i, it follows that∣∣(K; Λn)− n(K; ∆1)− n(K; ∆2)∣∣ ≤ CK .
Dividing the above inequality by n and passing to the limit as n → ∞, we get (!!), as
required. This implies (!). By Theorem 4.19 µΛn = ηLn for some finitely generated
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nontrivial Ln ≤ FN . Hence (!) implies that
lim
n→∞
1
n
ηLn = ηH1 + ηH2 in SCurr(FN ),
which completes the proof. 
5.2. Subset currents as measures on the space of rooted trees. Recall that T (X)
denotes the set of infinite subtrees of X without degree-1 vertices. Denote by T1(X) the
set of all those T ∈ T (X) that contain the vertex 1 ∈ FN . Thus all elements of T1(X)
come equipped with a base-point (or root), namely 1 ∈ FN . Note also that since every
element Y ∈ T1(X) is folded, Y does not admit any nontrivial Γ-graph automorphisms
that fix the root vertex 1. Hence we can also think of T1(X) as the set of rooted RN -graphs
that are folded infinite trees without degree-1 vertices.
We equip T1(X) with local topology, namely we say that Y, Y ′ ∈ T1(X) are close if for
some large n ≥ 1 we have Y ∩ BX(n) = Y
′ ∩ BX(n), where BX(n) is the ball of radius
n in X . Equivalently, Y and Y ′ are close if ∂Y, ∂Y ′ ⊆ ∂X have small Hausdorff distance
as closed subsets of ∂X . This makes T1(X) a compact totally disconnected topological
space.
Recall that for any finite non-degenerate subtree K of X we have defined a subset
cylinder set SCylα(K) ⊆ CN , Definition 3.2. For every such K containing 1 ∈ FN , put
T Cylα(K) to be the set of all Y ∈ T1(X) such that ∂Y ∈ SCylα(K). Thus T Cylα(K)
consists of all Y ∈ T1(X) such that K ⊆ Y and such that whenever ξ ∈ ∂Y , then
[1, ξ)∩K = [1, v] where v is a vertex of degree one in K. The sets T Cylα(K) are compact
and open, and form a basis of open sets for the topology on T1(X), when K varies over
all finite non-degenerate subtrees of X containing 1 ∈ FN .
The space T1(X) has a natural (partially defined) root-change operation. For g ∈ FN
denote by T1,g(X) the set of all Y ∈ T1(X) that contain the vertex g ∈ FN . Define
rg : T1,g(X) → T1(X) by rg(Y ) := g−1Y for Y ∈ T1,g(X). In other words, rg moves
the root vertex from 1 to g in Y . Denote by M1(X) the set of all finite positive Borel
measures on T1(X) that are invariant under all rg, g ∈ FN .
Proposition 5.3. There is a canonical R≥0-linear homeomorphism t :M1(X)→ SCurr(FN ).
Proof. Let µ ∈ M1(X). Define a measure t(µ) on CN as follows. For a finite non-
degenerate subtree K of X containing 1 put
(♣) ([K]; t(µ))α := µ (T Cylα(K)) .
Invariance of µ with respect to the root-change implies that if K,K ′ are two finite non-
degenerate subtrees of X that contain 1 and such that K ′ = gK for some g ∈ FN , then
µ (T Cylα(K)) = µ (T Cylα(K ′)), so that ([K]; t(µ))α is well-defined.
The assumption that µ is invariant with respect to {rg : g ∈ FN} translates into the
fact that (♣) defines a collection of weights satisfying the requirements of Proposition 3.12
so that t(µ) is indeed a subset current. It is then easy to check that t is an R≥0-linear
homeomorphism and we leave the details to the reader. 
5.3. Weak approximation by finite graphs. Consider the set UN of all RN -graphs
with vertices of degree ≤ 2N . For every integer R ≥ 1 denote by UN,R ⊂ UN the set of
all rooted R-balls in graphs from UN . Finally, denote by U
f
N,R the set of all K ∈ UN,R
such that K is a folded tree, where the root vertex is not of degree 1 and such that the
distance from the root to every vertex of degree 1 of K is equal to R.
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Observe that every tree K ∈ UfN,R admits a unique (and injective) RN -graph morphism
toX which sends the root inK to the vertex 1 ∈ V X . Thus we can think of treesK ∈ UfN,R
as subtrees of X with root 1.
For R ≥ 1, Υ ∈ UN,R and an RN -graph ∆ denote by J(Υ, R,∆) the set of all those
vertices v in ∆ such that the R-ball centered at v in ∆ is isomorphic as a rooted RN -graph
to Υ.
We say that a subset current µ ∈ SCurr(FN ) is normalized if the corresponding measure
µ′ = (t)−1(µ) ∈ M1(X) is of total mass 1, µ′(T1(X)) = 1. Note that if µ ∈ SCurr(FN ) is
a nonzero subset current and µ′ = (t)−1(µ) ∈M1(X) then for c = µ′(T1(X)) the current
1
c
µ ∈ SCurr(FN ) is normalized.
The following definition is an adaptation, to our notations and to our context, of the
definition of random weak limit of finite rooted graphs introduced by Benjamini and
Schramm, [4].
Definition 5.4 (Weak approximation). Let µ ∈ SCurr(FN ) be a normalized subset cur-
rent. We say that a sequence of RN -graphs ∆n weakly approximates µ ∈ SCurr(FN ) if
the following conditions hold:
(1) ∆n ∈ UN for every n ≥ 1.
(2) #V∆n →∞ as n→∞.
(3) For every R ≥ 1 and every K ∈ UfN,R we have
lim
n→∞
#J(K,R,∆n)
#V∆n
= (K;µ).
(4) For every R ≥ 1 and every Υ ∈ UN,R such that Υ 6∈ U
f
N,R we have
lim
n→∞
#J(Υ, R,∆n)
#V∆n
= 0.
In this case we write
∆n
w.a.
−−→ µ.
Lemma 5.5. Let µ ∈ SCurr(FN ) be a normalized current and let ∆n be a sequence of
finite connected RN -core graphs such that ∆n
w.a.
−−→ µ. Then
lim
n→∞
1
#V∆n
µ∆n = µ in SCurr(FN ).
Proof. Let R ≥ 1 and let K ∈ UfN,R. Recall that we think of K as a subtree of X with the
root of K being the vertex 1 ∈ V X . Denote by (K; ∆n)bad the number of all occurrences
f : K → ∆n such that f is not an embedding. Then the R-ball in ∆n around the f -image
of the base-point of K is not a tree. Since the set UN,R is finite and ∆n
w.a.
−−→ µ, the
definition of weak approximation then implies that
lim
n→∞
(K; ∆n)bad
#V∆n
= 0.
We also have (K; ∆n) = #J(K,R,∆n) + (K; ∆n)bad. Also, since ∆n
w.a.
−−→ µ, we have
lim
n→∞
#J(K,R,∆n)
#V∆n
= (K;µ).
Therefore
lim
n→∞
(K; ∆n)
#V∆n
= (K;µ),
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that is,
(♠) lim
n→∞
(K;µ∆n)
#V∆n
= (K;µ).
Now let K be an arbitrary finite non-degenerate subtree of X containing 1 ∈ V X . Put
R to be the maximum of the distances in K from 1 to other vertices of K. Then K is
precisely the R-ball in K centered at 1, so that K ∈ UfN,R. Therefore (♠) holds for every
finite subtree of X containing 1 and hence, by FN -invariance of subset currents, for every
finite subtree K of X . Hence
lim
n→∞
1
#V∆n
µ∆n = µ in SCurr(FN ),
as required. 
Lemma 5.6. Let µ ∈ SCurr(FN ) be a normalized current and let ∆n be a sequence of
RN -graphs such that ∆n
w.a.
−−→ µ. Then there exists a sequence of folded RN -graphs ∆′n
such that ∆′n
w.a.
−−→ µ.
Proof. Let us say that a vertex v of ∆n is folded if the ball of radius 1 in ∆n around v is
a folded RN -graph.
Let ΥN be the RN -graph which is a simplicial circle of length N
2 with the label
aN1 a
N
2 . . . a
N
N . For every non-folded vertex v of ∆n choose a copy ΥN,v of ΥN . We now
perform a “blow-up” operation on ∆n as follows. Simultaneously, for every non-folded
vertex v of ∆n we cut ∆n open at v, so that v gives deg∆n(v) ≤ 2N new vertices, and
then we attach these new vertices to ΥN,v is a way that the resulting graph is folded. The
resulting folded RN -graph is denoted by ∆
′
n.
The definition of weak approximation implies that limn→∞ bn/#V∆n = 0, where bn is
the number of non-folded vertices of ∆n. Since the number of vertices in the graph ΥN
(used to blow-up non-folded vertices of ∆n) is equal to N
2 and does not depend on n, the
definition of weak approximation now implies that ∆′n
w.a.
−−→ µ, as required.

Lemma 5.7. Let µ ∈ SCurr(FN ) be a normalized current and let ∆n be a sequence of
folded RN -graphs such that ∆n
w.a.
−−→ µ. Then there exists a sequence of RN -core graphs
∆′n such that ∆
′
n
w.a.
−−→ µ.
Proof. For every vertex v of degree 1 in ∆n attach a new loop-edge at v with label a ∈ A
such that a±1 is different from the label of the unique edge of ∆n starting at v. Denote
the resulting graph by ∆′n.
Then ∆′n is a folded and cyclically reduced RN -graph. It is easy to see, from the
definition of weak approximation, that ∆′n
w.a.
−−→ µ. 
5.4. Rational currents are dense.
Theorem 5.8. The set SCurrr(FN ) of all rational currents is a dense subset of SCurr(FN ).
Proof. Let µ ∈ SCurr(FN ) be an arbitrary nonzero current. Then for some c > 0 the
current µ := 1
c
µ is normalized.
A slight modification of the main result of [28], together with Proposition 5.3 imply
that there exists a sequence ∆n of RN -graphs such that ∆n
w.a.
−−→ µ. By Lemma 5.6 and
Lemma 5.7 we may modify the sequence ∆n to get a new sequence of RN -graphs, which we
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again denote ∆n, such that each ∆n is a core graph and that ∆n
w.a.
−−→ µ. Now Lemma 5.5
implies that
lim
n→∞
1
#V∆n
µ∆n = µ in SCurr(FN ).
Let ∆n,1, . . .∆n,kn be the connected components of ∆n. Then
µ∆n = µ∆n,1 + · · ·+ µ∆n,kn
and we see that µ belongs to the closure of the R≥0-span of SCurrr(FN ). Proposition 5.2
now implies that µ belongs to the closure of SCurrr(FN ). Hence µ = cµ also belongs to
the closure of SCurrr(FN ). Since µ ∈ SCurr(FN ) was an arbitrary nonzero current, this
completes the proof. 
Remark 5.9. In the proof of Theorem 5.8, instead of the result of Elek [28] invoked
above, alternatively one can use the results of Bowen [14, 15].
6. The action of Out(FN )
6.1. Defining the Out(FN )-action. If ϕ ∈ Aut(FN ) is an automorphism, then ϕ is a
quasi-isometry of FN and hence ϕ extends to a homeomorphism (which we will still denote
by ϕ) ϕ : ∂FN → ∂FN . Thus for S ∈ CN we have ϕ(S) ∈ CN . For a subset U ⊆ CN we
write ϕ(U) := {ϕ(S) : S ∈ U}. Thus Aut(FN ) has a natural action on CN and on the set
of subsets of CN .
Definition 6.1 (The action of Aut(FN )). Let ϕ ∈ Aut(FN ) and let µ ∈ SCurr(FN ).
Define a measure ϕµ on CN as follows:
For a Borel subset U ⊆ CN we put
ϕµ(U) := µ
(
ϕ−1(U)
)
.
Proposition 6.2. Let N ≥ 2.
(1) For any ϕ ∈ Aut(FN ) and µ ∈ SCurr(FN ) we have ϕµ ∈ SCurr(FN ).
(2) For any ϕ1, ϕ2 ∈ Aut(FN ) and µ ∈ SCurr(FN ) we have (ϕ1ϕ2)(µ) = ϕ1(ϕ2µ).
(3) For any ϕ ∈ Aut(FN ) ϕ : SCurr(FN )→ SCurr(FN ) is an R≥0-linear homeomor-
phism.
(4) If ϕ ∈ Aut(FN ) is an inner automorphism then ϕµ = µ for every µ ∈ SCurr(FN ).
Proof. To see (1) note that for any g ∈ FN and ξ ∈ ∂FN we have ϕ−1(gξ) = ϕ−1(g)ϕ−1(ξ).
Hence if U ⊆ CN and g ∈ FN then, in view of FN -invariance of µ, we have:
(ϕµ)(gU) = µ(ϕ−1(gU)) = µ(ϕ−1(g)ϕ−1(U)) = µ(ϕ−1(U)) = (ϕµ)(U).
Thus ϕµ is an FN -invariant measure, and hence ϕµ ∈ SCurr(FN ) and (1) is established.
Now (2) and (3) follow directly from (1) and Definition 6.1.
Part (4) follows from the fact that if ψ ∈ Aut(FN ) is inner, that is ψ(g) = hgh−1 for
every g ∈ FN , then ψ(ξ) = hξ for every ξ ∈ ∂FN . 
Proposition 6.2 shows that Definition 6.1 defines a left action of Aut(FN ) on SCurr(FN )
by R≥0-linear homeomorphisms. Moreover, inner automorphisms of FN lie in the kernel
of this action, and therefore this action factors through to the action of Out(FN ) on
SCurr(FN ).
Also, by R≥0-linearity, we have ϕ(rµ) = rϕ(µ) for r ≥ 0, µ ∈ SCurr(FN ) and ϕ ∈
Aut(FN ). Therefore the action of Aut(FN ) on SCurr(FN ) also yields an action of Aut(FN )
on PSCurr(FN ) given by ϕ[µ] := [ϕµ], where µ ∈ SCurr(FN ), µ 6= 0 and ϕ ∈ Aut(FN ).
As before, the last action factors through to the action of Out(FN ) on PSCurr(FN ).
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Proposition 6.3. Let H ≤ FN be a nontrivial finitely generated subgroup and let ϕ ∈
Aut(FN ). Then ϕ(ηH) = ηϕ(H).
Proof. For m ≥ 1, if [H : H1] = m, then [ϕ(H) : ϕ(H1)] = m and ηH1 = mηH , ηϕ(H1) =
mηϕ(H). Hence, by linearity, it suffices to establish the proposition for the case H =
CommFN (H). Thus assume that H ≤ FN is a nontrivial finitely generated subgroup with
H = CommFN (H). Recall that
ηH =
∑
H′∼H
δΛ(H′).
It is easy to see that for any subgroup G ≤ FN we have ϕ(Λ(G)) = Λ(ϕ(G)).
Let U ⊆ CN . By Definition 6.1, ϕηH(U) = ηH(ϕ−1(U)) is equal to the number of
elements of the form Λ(H ′) (where H ′ ∼ H) that belong to ϕ−1(U), which, in turn, is
equal to the number of elements of the form ϕΛ(H ′) (where H ′ ∼ H) that belong to U .
Hence
ϕ(ηH) =
∑
H′∼H
δϕΛ(H′) =
∑
H′∼H
δΛ(ϕ(H′)) =
=
∑
K∼ϕ(H)
δΛ(K) = ηϕ(H),
as required. 
Proposition 6.3 implies that the action of Aut(FN ) has a global nonzero fixed point,
namely the current ηFN = δ∂FN . Indeed, for any ϕ ∈ Aut(FN ) we have
ϕηFN = ηϕ(FN ) = ηFN .
Moreover, all scalar multiples rηFN , where r ≥ 0, are also fixed by Aut(FN ). In particular,
since applying an automorphism to a subgroup of FN preserves the index of the subgroup,
if [FN : H ] <∞ then ϕηH = ηH for every ϕ ∈ Aut(FN ).
6.2. Local formulas. Similarly to the case of Curr(FN ), we can get more explicit “local
formulas”, with respect to a marking, for the action of Out(FN ) on SCurr(FN ).
Proposition 6.4. Let α : FN ∼→ pi1(Γ) be a marking on FN and let X denote the universal
cover Γ˜. As before (see 3.12), let KΓ denote the set of all non-degenerate finite simplicial
subtrees of X. For any ϕ ∈ Out(FN ) and any K ∈ KΓ there exist m ≥ 1 and K1 . . . ,Km ∈
KΓ with the following property: For every µ ∈ SCurr(FN ) we have
(K;ϕ(µ))α =
m∑
i=1
(Ki;µ)α.
Proof. Since inner automorphisms are contained in the kernel of the action of Aut(FN )
on SCurr(FN ), it suffices to prove the statement of the proposition under the assumption
that ϕ ∈ Aut(FN ).
Let ϕ ∈ Aut(FN ) be arbitrary. Since SCylα(K) ⊆ CN is compact, the set ϕ−1SCylα(K)
is also compact. Since subset cylinders are not just compact, but also open, ϕ−1SCylα(K)
is covered by finitely many subset cylinders. By Lemma 3.5, after subdividing them, we
may assume that ϕ−1SCylα(K) is covered by finitely many pairwise disjoint subset cylin-
ders:
ϕ−1SCylα(K) = ⊔
m
i=1SCylα(Ki).
Put M := maxmi=1#EKi. By definition of ϕµ we have
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(K;ϕµ)α = ϕµ (SCylα(K)) = µ
(
ϕ−1SCylα(K)
)
=
µ (⊔mi=1SCylα(Ki)) =
m∑
i=1
µ(SCylα(Ki)) =
m∑
i=1
(Ki;µ)α,
as required.

Remark 6.5. As in the case of Curr(FN ) [40], a more detailed argument for the proof of
Proposition 6.4 shows that, given ϕ ∈ Out(FN ) and K ∈ KΓ, one can algorithmically find
the trees K1, . . . ,Km satisfying the conclusion of Proposition 6.4.
7. The co-volume form
7.1. Constructing co-volume form. For T ∈ cvN and a nontrivial finitely generated
subgroup H ≤ FN put
||H ||T := vol(H \ TH)
where TH is the smallest H-invariant subtree of T . It is also the convex hull of the limit
set of H , see Proposition 4.1.
Note that if H = 〈g〉, where g ∈ FN , g 6= 1 then ||H ||T = ||g||T , the translation length
of T .
Lemma 7.1. Let T ∈ cvN , let H ≤ FN be a nontrivial finitely generated subgroup and let
ϕ ∈ Aut(FN ). Then ||ϕ(H)||ϕT = ||H ||T .
Proof. Recall, that as a metric space, ϕT is equal to T , but the action of FN on ϕT is
defined as
g ·
ϕTϕ
x = ϕ−1(g) ·
T
x
where x ∈ T , g ∈ FN . It follows that the tree TH ⊆ T is ϕ(H)-invariant with respect
to the FN -action on ϕT , and, moreover it is the smallest ϕ(H)-invariant subtree of ϕT .
Also, it is easy to see that, as metric graphs, H \ TH is equal to ϕ(H) \ (ϕT )ϕ(H). Hence
||ϕ(H)||ϕT = ||H ||T , as claimed. 
Proposition-Definition 7.2 (Co-volume form). Let N ≥ 2. Define a map
〈 , 〉 : cvN × SCurr(FN )→ R≥0
as follows. Let T ∈ cvN and µ ∈ SCurr(FN ). Let α : FN → pi1(Γ) be a marking and let
L be a metric graph structure on Γ such that T = (Γ˜, dL) in cvN . Put
(♠) 〈T, µ〉 :=
∑
e∈Etop(Γ)
(e;µ)αL(e)
where (e;µ)α is as in Notation 3.10. Then the following hold:
(1) The map 〈 , 〉 : cvN ×SCurr(FN )→ R≥0 is continuous, R≥0-linear with respect to
the second argument and R≥0-homogeneous with respect to the first argument.
(2) The map 〈 , 〉 is Out(FN )-equivariant, that is, for any T ∈ cvN , µ ∈ SCurr(FN )
and ϕ ∈ Out(FN ) we have
〈ϕT, ϕµ〉 = 〈T, µ〉.
In other words, in terms of using the right Out(FN )-action on cvN , for all T ∈ cvN
and ϕ ∈ Out(FN ) we have
〈Tϕ, µ〉 = 〈T, ϕµ〉.
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(3) For any finitely generated nontrivial subgroup H ≤ FN and any T ∈ cvN we have
〈T, ηH〉 = ||H ||T
where TH is the minimal H-invariant subtree of T .
We call the map 〈 , 〉 : cvN × SCurr(FN )→ R≥0 the co-volume form.
Proof. The continuity of 〈 , 〉 is a straightforward consequence of its definition, and the
argument is essentially identical to that used in [40] to show continuity of the intersection
form cvN ×Curr(FN )→ R≥0. We refer the reader to the proof of Proposition 5.9 in [40]
for details.
The definition also directly implies that
〈T, c1µ1 + c2µ2〉 = c1〈T, µ1〉+ c2〈T, µ2〉
for c1, c2 ≥ 0, T ∈ cvN and µ1, µ2 ∈ SCurr(FN ) and that
〈cT, µ〉 = c〈T, µ〉
for c ≥ 0, T ∈ cvN , µ ∈ SCurr(FN ). Thus (1) holds.
We now check that (3) holds. Let H ≤ FN be a nontrivial finitely generated subgroup.
Recall that, ∆ = H \ TH is exactly the Γ-core graph representing the conjugacy class [H ]
(see Convention 4.18. By Theorem 4.19 we have ηH = µ∆. The edges of ∆ in ∆ = H \TH
have the same lengths as the L-lengths of the corresponding edges of Γ. Thus the L-volume
of ∆ is the sum of the L-lengths of all the edges of ∆, so that
||H ||T = vol(H \ TH) = volL(∆) =
∑
e∈Etop(Γ)
(e˜; ∆)L(e) =
∑
e∈Etop(Γ)
(e;µ∆)L(e) =
∑
e∈Etop(Γ)
(e; ηH)L(e) = 〈T, ηH〉,
and (3) is verified.
We can now show that (2) holds. Since inner automorphisms of FN act trivially on
both cvN and SCurr(FN ), it suffices to check (2) for elements of Aut(FN ) (rather than of
Out(FN )). Let ϕ ∈ Aut(FN ).
We need to show that for any T ∈ cvN and µ ∈ SCurr(FN ).
〈ϕT, ϕµ〉 = 〈T, µ〉.
By continuity of the intersection form, already established in (1) and by Theorem 5.8, it
suffices to verify the above formula for the case where T ∈ cvN is arbitrary and where µ
is a rational current. Thus let µ = cηH where c ≥ 0 and H ≤ FN is a nontrivial finitely
generated subgroup. We have
〈ϕT, ϕcηH〉 = c〈ϕT, ϕηH〉 = c〈ϕT, ηϕ(H)〉 =
c||ϕ(H)||ϕT = c||H ||T = c〈T, ηH〉 = 〈T, cηH〉,
as required. 
7.2. Non-existence of a continuous extension of the co-volume form to cvN . It
turns out that, unlike for ordinary currents, there does not exist a continuous extension of
the co-volume form to cvN ×SCurr(FN ). Before proving this statement, we need to recall
a few background facts regarding the dynamics of the action of iwip elements and of Dehn
twists elements of Out(FN ) on cvN and CVN . Recall that an element ϕ ∈ Out(FN ) is
called an iwip (which stands for “irreducible with irreducible powers”) or fully irreducible
if there do not exist m 6= 0 and a proper free factor L of FN such that ϕm([L]) = [L],
where [L] is the conjugacy class of L.
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The following “North-South” dynamics result for iwips is well-known and was obtained
by Levitt and Lustig in [56]:
Proposition 7.3. [56] Let N ≥ 2 and let ϕ ∈ Out(FN ) be an iwip. Then there exist
unique [T+] = [T+(ϕ)], [T−] = [T−(ϕ)] ∈ CVN and λ+ = λ+(ϕ) > 1, λ− = λ−(ϕ) > 1
with the following properties:
(1) We have T+ϕ = λ+T+, T−ϕ =
1
λ−
T−, so that [T−]ϕ = [T−] and [T+]ϕ = [T+].
(2) For any [T ] ∈ CVN such that [T ] 6= [T−] we have limn→∞[T ]ϕn = [T+] and for
any [T ] ∈ CVN such that [T ] 6= [T+] we have limn→∞[T ]ϕ−n = [T−].
(3) For any T ∈ cvN we have limn→∞[T ]ϕn = [T+]. Moreover, given any T ∈ cvN ,
we can choose a representative T+ ∈ cvN of [T+] such that
lim
n→∞
1
λn+
Tϕn = T+ in cvN .
(4) The action of FN on T+ has dense FN -orbits. Moreover, if N ≥ 3 and ϕ ∈
Out(FN ) is an atoroidal iwip then the action of FN on T+ is also free.
(5) If θ ∈ Out(FN ) is arbitrary then for ψ = θ−1ϕθ we have λ±(ψ) = λ±(ϕ) and
[T±(ψ)] = [T±(ϕ)]θ. Moreover, if T ∈ cvN and T ′ := limn→∞
1
λn
+
Tϕn and T ′′ :=
limn→∞
1
λn
+
Tψn then T ′′ = T ′θ.
The trees [T+(ϕ)] and [T−(ϕ)] are called the attracting and repelling trees of ϕ respectively.
The attracting tree T+(ϕ) of an iwip ϕ can be understood fairly explicitly in terms of
a train-track representative of ϕ and in fact λ+(ϕ) is the Perron-Frobenius eigenvalue of
any train-track representative of ϕ.
Guirardel proved in [33] that for N ≥ 3 the action of Out(FN ) on ∂CVN = CVN −
CVN is not topologically minimal and that there exists a unique proper closed Out(FN )-
invariant subset of ∂CVN . We only need the following limited version of his result:
Proposition 7.4. [33] Let N ≥ 3. Then there exists a unique minimal nonempty closed
Out(FN )-invariant subset McvN ⊆ ∂CVN (so that for every [T ] ∈ M
cv
N the Out(FN )-orbit
of [T ] is dense in McvN ). Moreover, if T∗ is the Bass-Serre tree (with all edges given length
1) of any nontrivial free product decomposition FN = B ∗ C, then [T∗] ∈ M
cv
N .
Proposition 7.3 easily implies that for any iwip ϕ ∈ Out(FN ) we have [T+(ϕ)] ∈McvN .
Proposition 7.5. Let N ≥ 3. Let FN = B ∗C be a nontrivial free product decomposition
and let T∗ ∈ cvN be the corresponding Bass-Serre tree. Then there exist sequences Tn, T
′
n ∈
cvN such that limn→∞ Tn = limn→∞ T
′
n = T∗ in cvN and that
lim
n→∞
〈T ′n, ηFN 〉 = 1
but
lim
n→∞
〈Tn, ηFN 〉 = 0.
Proof. Let ϕ ∈ Out(FN ) be any iwip. Choose an arbitrary point T ∈ cvN . Let [T+] =
[T+(ϕ)] be the attracting tree of ϕ. We may assume that T+(ϕ) = limk→∞
1
λk
+
Tϕk.
Since both [T∗] and [T+] belong to McvN , there exists a sequence θn ∈ Out(FN ) such that
limn→∞[T+]θn = [T∗]. Thus for some sequence cn > 0 we have limn→∞ cnT+θn = T∗ in
cvN . By Proposition 7.3 we know that [T+]θn = [T+(ψn)] where ψn = θ
−1
n ϕθn. Moreover,
for each n ≥ 1 we have
T+θn = lim
k→∞
1
λk+
Tψkn
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Put T+(ψn) := T+θn, and we then have T+θn = T+(ψn) = limk→∞
1
λk
+
Tψkn in cvN . For
every k ≥ 1 and n ≥ 1 we have
〈
1
λk+
Tψkn, ηFN 〉 =
1
λk+
〈T, ψknηFN 〉 =
1
λk+
〈T, ηFN 〉 =
vol(FN \ T )
λk+
.
For each n ≥ 1 choose kn ≥ 1 such that for all k ≥ kn we have cn〈
1
λk
+
Tψkn, ηFN 〉 =
cn
vol(FN\T )
λk
+
≤ 1
n
.
Since cvN is metrizable, and since limn→∞ cnT+(ψn) = T∗ and cnT+(ψn) = limk→∞
cn
λk
+
Tψkn,
by a standard diagonalization argument we can find a sequence mn ≥ kn such that
limn→∞
cn
λ
mn
+
Tψmnn = T∗ in cvN . Put Tn =
cn
λ
mn
+
Tψmnn . Then by construction we have
limn→∞ Tn = T∗ and 〈Tn, ηFN 〉 ≤
1
n
→ 0 as n→∞, so that
lim
n→∞
〈Tn, ηFN 〉 = 0.
To construct the sequence T ′n, choose a free basis {b1, . . . , bi} of B and a free basis
{ci+1, . . . , cN} of C. Let Γ be the “barbell” graph (with the obvious marking) consisting
of a non-loop edge e with i loop-edges (corresponding to b1, . . . , bi) attached at o(e) and
with N − i loop-edges (corresponding to ci+1, . . . , cN) attached at t(e). Give the edge e
length 1− 1
n
and give each of N loop-edges in Γ length 1
Nn
. This defines a point T ′n ∈ cvN
with vol(FN \ T ′n) = 1. Also, by construction, limn→∞ T
′
n = T∗ in cvN . Then
lim
n→∞
〈T ′n, ηFN 〉 = lim
n→∞
vol(FN \ T
′
n) = 1,
as required. 
Proposition 7.5 immediately implies:
Theorem 7.6. Let N ≥ 3. Then the co-volume form cvN × SCurr(FN )→ R≥0 does not
admit a continuous extension to a map cvN × SCurr(FN )→ R≥0.
The proof of Theorem 7.6 can be modified to cover the case N = 2, but we only deal
with the case N ≥ 3 for simplicity.
Remark 7.7. Let H ≤ FN be a nontrivial finitely generated subgroup. Recall that if
T ∈ cvN then 〈T, ηH〉 = ||H ||T = vol(H \ TH). If T ∈ cvN − cvN , the quotient H \ TH
is, in general, not a nice object, and, in particular, it is not necessarily a finite metric
graph. However, one can still define a reasonable notion of “volume” ||H ||T for H \ TH .
Namely, if H fixes a point of T , put ||H ||T := 0. Otherwise, there exists a unique minimal
H-invariant subtree TH of T . In that case define ||H ||T as the infimum of vol(K) taken
over all finite subtrees K ⊆ TH such that HK = TH . The proof of Proposition 7.5 exploits
the fact that in general, given H , the function fH : cvN → R, fH : T 7→ ||H ||T , is not
continuous on cvN . However, one can show that fH is upper-semicontinuous.
8. The reduced rank functional
Recall that for a finitely generated free group F the rank rk(F) is the cardinality of a
free basis of F and the reduced rank rk(F ) is defined as
rk(F ) := max{rk(F)− 1, 0}.
Thus is F 6= {1} then rk(F ) = rk(F) − 1. If ∆ is a finite connected graph and F =
pi1(∆) then rk(F ) = −χ(∆), where χ(∆) is the Euler characteristic of ∆. Reduced rank
appears naturally in the context of the Hanna Neumann Conjecture, recently proved by
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Mineyev [58]. The conjecture (now Mineyev’s theorem) states that if H1, H2 ≤ F are
finitely generated subgroups of a free group F then
rk(H1 ∩H2) ≤ rk(H1)rk(H2).
It turns out that reduced rank extends to a R≥0-linear functional on the space of subset
currents:
Theorem 8.1. Let N ≥ 2. Then there exists a unique continuous R≥0-linear functional
rk : SCurr(FN )→ R≥0
such that for every nontrivial finitely generated subgroup H ≤ FN we have
(♦) rk(ηH) = rk(H).
Moreover, rk is Out(FN )-invariant, that is, for any ϕ ∈ Out(FN ) and µ ∈ SCurr(FN ) we
have rk(ϕµ) = rk(µ).
Proof. The uniqueness of rk follows from (♦) and from the requirement that rk be linear
and continuous, since this uniquely defines rk on the set of rational subset currents, which is
dense in SCurr(FN ) by Theorem 5.8. Thus it suffices to prove the existence of a functional
rk with the required properties.
Choose a free basis A of FN and the corresponding marking αA : FN → pi1(RN ) as in
Convention 5.1. Recall that X = R˜N is the Cayley graph of FN with respect to A. For
each a ∈ A let ea be the topological edge in X with endpoints 1, a ∈ FN . Note that every
subgraph in X consisting of a single edge is a translate of some ea by an element of FN .
Let BN be the set of all non-degenerate finite subtrees K contained in the ball of radius
1 in X with center 1 ∈ FN such that the vertex 1 ∈ FN has degree ≥ 2 in K. Note
that every K ∈ BN is uniquely specified by the set of its vertices of degree 1, which is a
subset of A∪A−1 of cardinality at least 2. Thus there are exactly 22N − 2N − 1 elements
in BN . Note also that if ∆ is a nontrivial finite RN -core graph then for every vertex x
of ∆ there exists a unique K ∈ BN such that Lk∆(x) = LkK(1). Define the function
rk : SCurr(FN )→ R as follows. For µ ∈ SCurr(FN )
rk(µ) :=
∑
a∈A
(ea;µ)−
∑
K∈BN
(K;µ).
By construction rk : SCurr(FN )→ R is a continuous R≥0-linear function.
Suppose now that H ≤ FN is a nontrivial finitely generated subgroup. Let ∆ be the
finite RN -core graph representing [H ]. Then
rk(µ∆) :=
∑
a∈A
(ea;µ∆)−
∑
K∈BN
(K;µ∆) =
∑
a∈A
(ea; ∆)−
∑
K∈BN
(K; ∆).
It is easy to see, from the definition of an occurrence (Definition 4.13), that
∑
a∈A(ea; ∆) =
#Etop∆ and that
∑
K∈BN
(K; ∆) = #V∆. Thus
rk(ηH) = rk(µ∆) = #Etop∆−#V∆ = −χ(∆) = rk(H).
Note that, by linearity, for any c ≥ 0 rk(cηH) = crk(H) ≥ 0. Thus rk ≥ 0 on a dense
subset of SCurr(FN ) and hence, by continuity, rk(µ) ≥ 0 for every µ ∈ SCurr(FN ).
Suppose now that ϕ ∈ Aut(FN ). We claim that rk(ϕµ) = rk(µ) for every µ ∈
SCurr(FN ). Indeed, for any finitely generated subgroup H ≤ FN , H is isomorphic to
ϕ(H) and hence rk(H) = rk(ϕ(H)). Thus, in view of (♦), the claim holds for every
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rational subset current and hence, since by Theorem 5.8 rational currents are dense in
SCurr(FN ), the claim holds for every µ ∈ SCurr(FN ). This shows that rk is Aut(FN )-
invariant, and hence Out(FN )-invariant as well. 
9. Analogs of uniform currents
In [40], given a free basis A of FN we constructed a uniform current mA ∈ Curr(FN )
associated to A. Intuitively, the currentmA “splits equally” in all directions in the Cayley
graph X of FN with respect to A.
In the setup of subset currents, given a free basis A of FN one can define a natural
family mA,d ∈ SCurr(FN ), d = 2, . . . , 2N of “uniform subset currents”, with mA,2 = mA
and mA,2N = ηFN . The current mA,d is “supported” on d-regular subtrees of X . That
is, mA,d will have the property that (K;mA,d) > 0 if and only if K ⊆ X is a finite
non-degenerate subtree where every vertex has degree either 1 or d in K.
Before giving the explicit definition of mA,d we present the following computation as
motivation. Since mA,d is a subset current, we need it to satisfy the weights condition
(⋆) from Proposition 3.11. Let K be a non-degenerate finite subtree of X where every
vertex has degree 1 or d in K. Let e be a terminal edge of K, as in Definition 3.2, and let
a ∈ A±1 be the label of e. Then, in notations 3.4, q(e) consists of precisely 2N−1 distinct
edges, with labels from A±1 − {a−1}. We want to choose a nonempty subset U ⊆ q(e)
so that in the tree K ′ = K ∪ U the terminus of e has degree d. Thus the set U needs to
have cardinality d− 1. Hence there are exactly
(
2N−1
d−1
)
choices for U ⊆ q(e). Since mA,d
is supposed to be the “most symmetric possible”, we assign each of these choices equal
weight, so we want
(K ∪ U ;mA,d) =
(K;mA,d)(
2N−1
d−1
)
for every subset U ⊆ q(e) of size d − 1. For nonempty subsets U ⊆ q(e) of size different
from d− 1 we want (K ∪ U ;mA,d) = 0. Then, using notations 3.4, we will have
(K;mA,d) =
∑
U∈P+(q(e))
(K ∪ U ;mA,d)
as required by (⋆). Assigning every one-edge subtree of X weight 1/N in mA,d and
iterating the above splitting formula yields the following:
Proposition-Definition 9.1 (Uniform subset currents). Let 2 ≤ d ≤ 2N . Then there
exists a unique subset current mA,d ∈ SCurr(FN ) such that
(1) if K ⊆ X is a finite subtree with n ≥ 1 edges and with every vertex of degree
either 1 or d in K, then
(K;mA,d) =
1
N
((
2N−1
d−1
))n−1 ;
(2) if K ⊆ X is a finite subtree where some vertex has degree different from d and
from 1, then
(K;mA,d) = 0;
(3) We have 〈X,mA,d〉 = 1.
The current mA,d ∈ SCurr(FN ) is called the uniform subset current of grade d on FN
corresponding to A.
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Proof. It is easy to check, via a direct computation, that the weights (K;mA,d) spec-
ified above satisfy condition (⋆) and hence, by Proposition 3.11, there does exist a
unique subset current realizing these weights. Also, for every single-edge tree K we have
(K;mA,d) =
1
N
, and this normalization ensures that 〈X,mA,d〉 = 1. For d = 2N the above
formulas give (K;mA,2N) = 1 if K ⊆ X is a finite 2N -regular subtree and (K;mA,2N) = 0
if K is not 2N -regular. This shows that mA,2N = ηFN . Also, for d = 2, the definition
of mA,2 yields (K;mA,2) =
1
2N(2N−1)n if K ⊆ X is a linear segment of length n ≥ 1 and
(K;mA,2) = 0 if K is not 2-regular. Thus mA,2 = mA ∈ Curr(FN ), as claimed. 
In a similar way, uniform subset currents can be defined with respect to any marking
α : FN → pi1(Γ), where Γ is a k-regular graph (and not necessarily the standard rose).
Perhaps a more interesting notion is that of the absolute uniform current mSA ∈ SCurr(FN )
associated to A.
If K is a finite non-degenerate tree, we say that a vertex x of K is interior if x has
degree ≥ 2 in K. Denote by ι(K) the number of interior vertices in K. Before giving a
formal definition of mSA let us again start with some motivation. We want m
S
A to have
the property that for a finite non-degenerate subtree K of X the weight (K;mSA) depends
only on ι(K).
We build finite subtrees of X step-by-step, starting with a tree K0 consisting of a single
edge. Since there are exactly N distinct FN -translation classes of topological edges in
X , we assign every one-edge subtree weight 1
N
in mSA. Note that ι(K0) = 0. Arguing
inductively, let n ≥ 0 and suppose Kn is already constructed and that ι(Kn) = n. We
choose e to be any (oriented) leaf of K. Then q(e) (see notation 3.4) consists of precisely
2N − 1 distinct edges, with labels from A±1 − {a−1}. The set P+(q(e)) of nonempty
subsets of q(e) has exactly 22N−1− 1 elements. We choose any nonempty subset U of q(e)
“with equal probability”, and put Kn+1 = K∪U . Note that the terminus of e has become
an interior vertex of Kn+1, so that ι(Kn+1) = n + 1. Since we are supposed to choose
U ∈ P+(q(e)) uniformly at random, we want
(K ∪ U ;mA,d) =
(K;mA,d)
22N−1 − 1
for every nonempty subset U ⊆ q(e). This choice will assure that
(K;mA,d) =
∑
U∈P+(q(e))
(K ∪ U ;mA,d)
as required by condition (⋆) of Proposition 3.11. The above considerations lead to the
following:
Proposition-Definition 9.2 (Absolute uniform current). Let N ≥ 2, A be a free basis
of FN and let X be the Cayley graph of FN with respect to A.
Then there exists a unique subset current mSA ∈ SCurr(FN ) such that:
(1) If K ⊆ X is a finite non-degenerate subtree with ι(K) = n ≥ 0 then
(K;mSA) =
1
N (22N−1 − 1)
n−1 .
(2) We have 〈X,mA,d〉 = 1.
The currentmSA ∈ SCurr(FN ) is called the absolute uniform subset current correspond-
ing to A.
Proof. It is not hard to check that the weights given in the definition of mSA satisfy the
“switch” condition (⋆) of Proposition 3.11, which directly yields the above statement. 
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Note that, unlike the currents mA,d constructed earlier, the current m
S
A has “full sup-
port”, meaning that (K;mSA) > 0 for every finite non-degenerate subtree K of X . Re-
call that, by Proposition 5.3, there is a canonical R≥0-linear homeomorphism between
SCurr(FN ) and the space M1(X) of finite positive Borel measures on the space T1(X) of
rooted subtrees of X with root-vertex 1, which are invariant with respect to root-change.
Under this homeomorphism mSA corresponds to a probability measure m
S
A on T1(X) and
mSA-random points of T1(X) appear to represent an interesting class of subtrees of X .
10. Open problems
10.1. Subset currents on surface groups. As noted in the introduction, the notion
of a subset current makes sense for any non-elementary word-hyperbolic group G. Apart
from FN , a particularly interesting case is that of a surface group. Namely, let Σ be
a closed oriented surface of negative Euler characteristic and let G = pi1(Σ). Put a
hyperbolic Riemannian metric ρ on Σ so that Σ˜ with the lifted metric becomes isometric
to the hyperbolic plane H2. The action of G on Σ˜ = H2 by covering transformations is
a free isometric discrete co-compact action, so that G is quasi-isometric to H2 and ∂G
is G-equivariantly homeomorphic to ∂H2 = S1. As for a free group we can consider the
space (S1) of all closed subsets S ⊆ S1 such that #S ≥ 2. A subset current on G is a
locally finite G-invariant positive Borel measure on (S1). The space SCurr(G) of all subset
currents on G again comes equipped with a natural weak-* topology and a natural action
of the mapping class group Mod(Σ). In this context we can again define the notion of
a counting current associated with a nontrivial finitely generated subgroup H ≤ G. If
H = CommG(H) then we put
ηH :=
∑
H1∈[H]
δΛ(H1)
where [H ] is the conjugacy class of H in G and where for a subgroup H1 ∈ [H ] Λ(H1) ⊆
S1 is the limit set of H1 in S
1. If H ≤ G is an arbitrary nontrivial finitely generated
subgroup, then, by well-known results, H has a finite index m ≥ 1 in its commensurator
H0 := CommG(H) and we put ηH := m ηH0 .
Problem 10.1. In the above set-up, is it true that the set
{cηH |c ≥ 0, H ≤ G is a nontrivial finitely generated subgroup}
is dense in SCurr(G)?
Note that for every S ∈ (S1) one can consider the convex hull Conv(S) ⊆ H2, and
therefore one can geometrically view a subset current on G as a G-invariant measure
on the space of “nice” convex subsets of H2. If H ≤ G is a nontrivial finitely generated
subgroup of infinite index, then H is a free group of finite rankN ≥ 1 and Conv(ΛH) ⊆ H2
is an H-invariant subset which is quasi-isometric to FN (i.e. it is a “quasi-tree”). However,
the machinery of measures on rooted graphs that we used to show that rational currents
are dense in SCurr(FN ) is not directly applicable for tackling Problem 10.1.
10.2. Continuity of co-volume for a fixed tree T ∈ cvN . In Remark 7.7 we defined
the notion of co-volume ||H ||T where H ≤ FN is any nontrivial finitely generated subgroup
and where T ∈ cvN . We have seen that for a fixed H , the function cvN → [0,∞),
T → ||H ||T , is not necessarily continuous on cvN (although it is, of course, continuous if
H is infinite cyclic).
One can still ask if, given a fixed T ∈ cvN , the co-volume ||.||T extends to a continuous
function on SCurr(FN ):
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Problem 10.2. Let T ∈ cvN . Suppose µ ∈ SCurr(FN ) and that cnηHn ∈ SCurr(FN ) are
rational currents such that limn→∞ cnηHn = µ. Does this imply that
lim
n→∞
cn||Hn||T
exists and is independent of the sequence cnηHn approximating µ? If yes, we will denote
the above limit by ||µ||T .
10.3. Volume equivalence. Kapovich, Levitt, Schupp and Shpilrain [43] introduced and
studied the notion of translation equivalence in free groups. Namely, two elements g, h ∈
FN are translation equivalent in FN , denoted g ≡t h, if for every T ∈ cvN we have
||g||T = ||h||T . It is easy to see that g ≡t h in FN if and only if for every T ∈ cvN
||g||T = ||h||T . Similarly, we say (see [40]) that two currents µ1, µ2 ∈ Curr(FN ) are
translation equivalent if for every T ∈ cvN 〈T, µ1〉 = 〈T, µ2〉. Again, it clear that replacing
cvN by cvN in this definition yields the same notion. Several different sources of translation
equivalence (in particular traces of SL(2,C)-representations of free groups), have been
exhibited in [43], and further results were obtained in [53, 54, 55]. The paper [43] also
defined the notion of volume equivalence in free groups. Two nontrivial finitely generated
subgroups H1, H2 ≤ FN are said to be volume equivalent in FN , denoted H1 ≡v H2, if
for every T ∈ cvN we have ||H1||T = ||H2||T . Note that for nontrivial g, h ∈ FN we have
〈g〉 ≡v 〈h〉 in FN if and only if g ≡t h in FN . It is clear that conjugate subgroups are
volume equivalent and that if H1, H2 ≤ FN are nontrivial finitely generated subgroups
such that CommFN (H1) = CommFN (H2) and such that H1 and H2 have the same index
in CommFN (H1), then H1 ≡v H2 in FN . Similarly, the definition of volume equivalence
easily implies that if H1 ≡v H2 in FN and ψ : FN → FM is an injective homomorphism
then ψ(H1) ≡v ψ(H2) in FM . Some more interesting sources of volume equivalence were
found by Lee and Ventura in [55], who also exhibited an example of a cyclic subgroup
that is volume equivalent to a subgroup that is free of rank 2. The definition of volume
equivalence naturally leads to the following question:
Problem 10.3. Suppose H1 ≡v H2 in FN . Does this imply that for every T ∈ cvN
||H1||T = ||H2||T ?
By analogy with the translation equivalence case, we can also say that two subset
currents µ1, µ2 ∈ SCurr(FN ) are volume equivalent in FN , denoted µ1 ≡v µ2, if for every
T ∈ cvN 〈T, µ1〉 = 〈T, µ2〉. Thus for finitely generated subgroups H1, H2 ≤ FN we have
H1 ≡v H2 if and only if ηH1 ≡v ηH2 . The notion of volume equivalence for subset currents
measures the degeneracy of the co-volume form 〈 , 〉 with respect to its second argument,
and one can also pose an analog of Problem 10.3 for subset currents.
10.4. Generalizing the Stallings fiber product construction. Let H,L ≤ FN be
nontrivial finitely generated subgroups and let α : FN ∼→ pi1(Γ) be a marking on FN .
Let ∆H ,∆L be the finite connected Γ-core graphs representing [H ] and [L] respectively.
Then one can define (see [61, 49]) the “fiber product graph” ∆H × ∆L. This graph is
again a finite folded Γ-graph but not necessarily connected. The fundamental groups of
the non-contractible connected components of ∆H × ∆L (if there are any such compo-
nents) represent all the possible FN -conjugacy classes of nontrivial intersections of the
form gHg−1 ∩ L, where g ∈ FN . There are finitely many such non-contractible com-
ponents and denote the conjugacy classes of subgroups of FN represented by them by
[U1], . . . , [Uk]. We thus define
⋔ (ηH , ηL) =
k∑
i=1
ηUi .
SUBSET CURRENTS ON FREE GROUPS 35
Note that rk(⋔ (ηH , ηL)) =
∑k
i=1 rk(ηUi) =
∑k
i=1 rk(Ui). If all connected components of
∆H × ∆L are contractible, define ⋔ (ηH , ηL) = 0. We can extend ⋔ by homogeneity to
the set of rational subset currents as
⋔ (c1ηH , c2ηL) := c1c2 ⋔ (ηH , ηL).
Note that ⋔ (c1ηH , c2ηL) =⋔ (c2ηL, c1ηH) and that ⋔ (c1ηH , c2ηL) = 0 if at least one of
H,L is infinite cyclic. A particularly intriguing question is the following:
Problem 10.4. Does the map ⋔ extends to a continuous function
⋔: SCurr(FN )× SCurr(FN )→ SCurr(FN )?
If yes, then composing ⋔ with the reduced rank functional rk would give us a continuous,
bilinear and symmetric “intersection functional” J := rk ◦ ⋔
J : SCurr(FN )× SCurr(FN )→ R.
Moreover, in view of Mineyev’s recent proof of the Strengthened Hanna Neumann Con-
jecture [58], it would follow that for any µ1, µ2 ∈ SCurr(FN ) we have
J(µ1, µ2) ≤ rk(µ1)rk(µ2).
10.5. Random subgroup graphs and uniform currents. Let A be a free basis of FN .
Let ξ = x1x2 . . . xn · · · ∈ ∂FN be a “random” geodesic ray over A
±1, that is, ξ is a
random trajectory of the non-backtracking simple random walk on FN corresponding to
A. Denote ξ|n = x1 . . . xn ∈ FN . It is shown in [40] for a.e. ξ ∈ ∂FN we have
lim
n→∞
ηξ|n
n
= mA in Curr(FN )
where mA ∈ Curr(FN ) is the uniform current on FN corresponding to A. For a random
ξ ∈ ∂FN we may think of 〈ξ|n〉 ≤ FN as a “random” cyclic subgroup of FN .
In Section 9 we have defined a family of uniform subset currents mA,d ∈ SCurr(FN ),
for d = 2, . . . , 2N , where mA,2 = mA ∈ Curr(FN ). Recall that for a finite non-degenerate
subtree K of the Cayley graph X of FN with respect to A we have (K;mA,d) > 0 if and
only if K is a d-regular tree.
Problem 10.5. Let 3 ≤ d ≤ 2N − 1. Define a reasonable discrete-time random process
such that at time n it outputs a d-regular finite RN -core graph ∆n with limn→∞#V∆n =
∞ and show that for a.e. trajectory of this process we have
lim
n→∞
η∆n
#V∆n
= mA,d in SCurr(FN ).
The same problem is also interesting for the absolute uniform currentmSA ∈ SCurr(FN ).
Problem 10.6. Define a reasonable discrete-time random process such that at time n
it outputs a finite RN -core graph ∆n with limn→∞#V∆n = ∞ and show that for a.e.
trajectory of this process we have
lim
n→∞
η∆n
#V∆n
= mSA in SCurr(FN ).
In particular, what happens when ∆n is chosen using the Bassino-Nicaud-Weil [3] process
for generating random Stallings subgroup graphs?
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10.6. Dynamics of the Out(FN )-action on PSCurr(FN ). For ordinary currents the
dynamics of the Out(FN )-action on PCurr(FN ) and the interaction of this dynamics with
that of the Out(FN )-action on cvN turned out to be particularly useful. For PSCurr(FN )
the dynamics of the Out(FN )-action appears to be more complicated than in the PCurr(FN )-
case, particularly because, even without projectivization, Out(FN ) fixes the point ηFN ∈
SCurr(FN ).
In [57] R. Martin introduced the subsetMN ⊆ PCurr(FN ) as the closure in PCurr(FN )
of the set
{[ηg] : g ∈ FN is a primitive element}.
It is easy to see that for every N ≥ 2 MN ⊆ PCurr(FN ) is a closed Out(FN )-invariant
nonempty subset. In [44] it was shown that for N ≥ 3 MN is the unique smallest such
subset, that is, whenever Z ⊆ PCurr(FN ) is nonempty, closed and Out(FN )-invariant,
then MN ⊆ Z.
As noted in Remark 3.14 above, PCurr(FN ) ⊆ PSCurr(FN ) is a closed Out(FN )-
invariant subset and, similarly, Curr(FN ) ⊆ SCurr(FN ) is a closed Out(FN )-invariant
subset. The set {[ηFN ]} is also a closed Out(FN )-invariant subset of PSCurr(FN ), so that
PSCurr(FN ) contains at least 2 minimal nonempty closed Out(FN )-invariant subsets.
Problem 10.7. Let N ≥ 3. Characterize those [µ] ∈ PSCurr(FN ) such that the closure of
the Out(FN )-orbit in PSCurr(FN ) containsMN . Is it true that the closure of Out(FN )[µ]
contains MN if and only if [µ] 6= [ηFN ]?
As we note below, we do know that for every nontrivial finitely generated subgroup
H ≤ FN of infinite index, the closure of Out(FN )[ηH ] does contain MN .
Let N ≥ 3 and let ϕ ∈ Out(FN ) be an atoroidal iwip (irreducible with irreducible
powers) element. In this case it is known that ϕ has exactly two distinct fixed points in
PCurr(FN ), the currents [µ+] and [µ−]; moreover there are λ+, λ− > 1 such that ϕµ+ =
λ+µ+ and ϕ
−1µ− = λ−µ−. R. Martin proved [57] that the action of ϕ on PCurr(FN ) has
“North-South” dynamics: If [µ] ∈ PCurr(FN ), [µ] 6= [µ−] then limn→∞ ϕn[µ] = [µ+] and
if [µ] ∈ PCurr(FN ), [µ] 6= [µ+] then limn→∞ ϕ
−n[µ] = [µ−].
As observed above, by Remark 3.14 we have µ± ∈ Curr(FN ) ⊆ SCurr(FN ) and [µ±] ∈
PCurr(FN ) ⊆ PSCurr(FN ).
The situation for PSCurr(FN ) is immediately complicated by the presence of the global
fixed point [ηFN ]. For example, for any c1, c2 > 0 it is not hard to see that
lim
n→∞
ϕn[c1µ− + c2ηFN ] = [ηFN ] and lim
n→∞
ϕ−n[c1µ+ + c2ηFN ] = [ηFN ].
Problem 10.8. Let N ≥ 3 and let ϕ ∈ Out(FN ) be an atoroidal iwip. Characterize those
[µ] ∈ PSCurr(FN ) for which
lim
n→∞
ϕn[µ] = [µ+].
Is it true that the above convergence holds for every [µ] ∈ PSCurr(FN ) which is not of
the form [µ] = [c1µ− + c2ηFN ] where c1, c2 ≥ 0 and |c1|+ |c2| > 0?
Using the results of [8] we can show that if H ≤ FN is a nontrivial finitely generated
subgroup of infinite index, then
lim
n→∞
ϕn[ηH ] = [µ+] and lim
n→∞
ϕ−n[ηH ] = [µ−].
Since [µ+] ∈ MN , this fact does imply that the closure in PSCurr(FN ) of the orbit
Out(FN )[ηH ] contains MN .
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10.7. Subset algebraic laminations. An algebraic lamination on FN is a closed FN -
invariant subset of the space of 2-elements subsets of (∂FN ). Algebraic laminations proved
to be useful objects in the study of Out(FN ) and of the Outer space. In particular, for
every T ∈ cvN there is a naturally defined dual lamination L2(T ) which records some
essential information about the geometry of the action of FN on T .
For an arbitrary current µ ∈ Curr(FN ) its support is an algebraic lamination. It is
proved in [46] that for µ ∈ Curr(FN ) and T ∈ cvN 〈T, µ〉 = 0 if and only if Supp(µ) ⊆
L2(T ), and this fact plays a key role in understanding the interplay between the dynamics
of Out(FN )-actions on CVN and PCurr(FN ).
By analogy with the set-up discussed above, we say that a subset algebraic lamination
on FN is a closed FN -invariant subset of CN . In particular, for any µ ∈ SCurr(FN ), the
support Supp(µ) is a subset algebraic lamination. Here Supp(µ) := CN − U where U is
the largest open subset of CN such that µ(U) = 0.
Problem 10.9. Assuming that the answer to Problem 10.2 is positive, given T ∈ cvN
does there exist a naturally defined subset lamination L2S(T ) ⊆ CN which captures the
information about all µ ∈ SCurr(FN ) with ||µ||T = 0? Or at least some naturally defined
subset lamination L2S(T ) ⊆ CN which captures the information about all finitely generated
H ≤ FN with ||H ||T = 0? If such a notion of L2S(T ) does exist, how does L
2
S(T ) look like
for stable trees of various free group automorphisms?
Note that for any reasonable definition of L2S(T ) one expects to have L
2(T ) ⊆ L2S(T ).
10.8. Approximation and weight realizability problem. We know by Theorem 5.8
that any µ ∈ SCurr(FN ) can be approximated by rational subset currents. It would be
interesting to find explicit procedures (e.g. algorithmic or probabilistic) for producing
such approximations in various specific contexts.
Problem 10.10. Let A be a free basis of FN and let m
S
A be the corresponding absolute
uniform current. Find a natural probabilistic process producing a sequence of core graphs
∆n such that limn→∞[µ∆n ] = [m
S
A] in PSCurr(FN ).
In [57] Martin proves that for a marking α : FN → pi1(Γ) and a nonzero geodesic current
µ ∈ Curr(FN ) we have (v;µ)α ∈ Z for every nontrivial reduced edge-path v in Γ if and
only if µ = ηg1 + · · · + ηgm for some m ≥ 1 and some nontrivial g1, . . . , gm ∈ FN . It is
natural to ask a similar question for subset currents:
Problem 10.11. Let α : FN → pi1(Γ) be a marking and let µ ∈ SCurr(FN ) be a
nonzero subset current such that for every non-degenerate finite subtree K of Γ˜ we have
(K;µ)α ∈ Z. Does this imply that µ = ηH1+· · ·+ηHm for somem ≥ 1 and some nontrivial
finitely generated subgroups H1, . . . , Hm ≤ FN?
In the case of Curr(FN ), the proof uses Whitehead graphs for cyclic words. In the
context of subset currents the corresponding objects turn out to be hyper-graphs, rather
than graphs.
Recall that a hyper-graph G is a pair (V,E), where V is the set of vertices and E is
the set of hyper-edges. Every hyper-edge e is a nonempty subset of V, whose elements
are said to be incident to e in G. We can also think of e as the characteristic function of
this subset, so that e : V→ {0, 1} with e(v) = 1 if and only if v is incident to e.
Now let α : FN ∼→ pi1(Γ) be a marking, let X = Γ˜ and let K ∈ KΓ be a finite non-
degenerate subtree of X . Recall from Section 9 that ι(K) denotes the number of interior
vertices in K.
We say that an interior vertex x of K is a boundary-interior vertex of K if x is an
interior vertex of K, x is adjacent to a terminal edge of K and removing from K all
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terminal edges of K incident to x produces a tree in which x has degree 1. That is, x is
an interior vertex of K and the degree of x in K is equal to p+ 1 where p is the number
of terminal edges of K incident to x. Note that every finite K with ι(K) ≥ 2 always has
at least one boundary-interior vertex. For each boundary-interior vertex x of K let Ux be
the set of topological edges of K that connect x to vertices of degree 1 of K. Let Kx be
obtained from K by removing all the edges of Ux. Thus K = Kx ∪ Ux. Note that x is a
vertex of degree 1 in Kx, so that ι(Kx) = m− 1.
For each m ≥ 2 define the level-m initial hyper-graph Gα,m as follows. The vertex set
of Gα,m(µ) is the set Zm−1 of all FN -translation classes [K] where K ∈ KΓ is a tree with
ι(K) = m. The hyper-edge set is Zm. Every [K
′] ∈ Zm defines the incidence function
e[K′] : Zm−1 → {0, 1} as follows. For [K] ∈ Zm−1 e[K′]([K]) = 1 if and only if there is a
boundary-interior vertex x of K ′ such that [K ′x] = [K].
For m = 1 we can also define Gα,1 in a similar way. The vertex set is Z0 and the hyper-
edge set is Z1, but the incidence is defined slightly differently. Namely, for [K
′] ∈ Z1 and
an element [K] ∈ Z0 (note that K is necessarily a single topological edge of X) we have
e[K′]([K]) = 1 if and only if there is a topological edge of K
′ which is an FN -translate of
K.
For m ≥ 1, a weighted level-m initial hyper-graph consists of the hyper-graph Gα,m
endowed with the weight functions θ : Zm−1 → R≥0 and θ : Zm → R≥0.
Every current µ ∈ SCurr(FN ) defines a weighted hyper-graphGα,m(µ), with the weight
functions θ([K ′]) := (K ′;µ)α, θ([K]) := (K;µ)α, where [K
′] ∈ Zm, [K] ∈ Zm−1.
Problem 10.12. Let m ≥ 1 and let (Gα,m, θ) be a weighted initial level-m hyper-graph
such that the weight function θ is Z≥0–valued and satisfies the Kirchoff condition (see
Proposition 3.11) for every [K] ∈ Zm−1. Does there exist a finite Γ-core graph ∆ such
that (Gα,m, θ) = Gα,m(µ∆)?
As shown in [40], in the Curr(FN ) context the analog of the above question has positive
answer. In that case initial hyper-graphs are directed graphs and the Kirchoff condition
implies the existence of an Euler circuit in every connected component of the graph, when
the weights are treated as multiple edges. However, it is not clear what might serve
as a substitute for Euler’s theorem in the hyper-graph context, and even the proof of
Theorem 5.8 does not appear to help with Problem 10.12.
References
[1] M. Abert, Y. Glasner and B. Virag, Kesten’s theorem for Invariant Random Subgroups, preprint,
2012; arXiv:1201.3399
[2] P. Arnoux, V. Berthe´, T. Fernique, D. Jamet, Functional stepped surfaces, flips, and generalized
substitutions. Theoret. Comput. Sci. 380 (2007), no. 3, 251–265
[3] F. Bassino, C. Nicaud, and P. Weil, Random generation of finitely generated subgroups of a free
group. Internat. J. Algebra Comput. 18 (2008), no. 2, 375–405
[4] I. Benjamini, O. Schramm,
Recurrence of distributional limits of finite planar graphs.
Electronic Journal of Probability 6 (2001), no.23, 1–23
[5] N. Bergeron, and D. Gaboriau, Asymptotique des nombres de Betti, invariants l2 et laminations,
Comment. Math. Helv. 79 (2004), no. 2, 362395
[6] M. Bestvina, and M. Handel, Train tracks and automorphisms of free groups. Ann. of Math. (2)
135 (1992), no. 1, 1–51
[7] M. Bestvina and M. Feighn, Outer Limits, preprint, 1993;
http://andromeda.rutgers.edu/˜feighn/papers/outer.pdf
[8] M. Bestvina, M. Feighn, and M. Handel, Laminations, trees, and irreducible automorphisms of
free groups. Geom. Funct. Anal. 7 (1997), no. 2, 215–244
[9] M. Bestvina and M. Feighn, The topology at infinity of Out(Fn). Invent. Math. 140 (2000), no. 3,
651–692
SUBSET CURRENTS ON FREE GROUPS 39
[10] M. Bestvina, M. Feighn, A hyperbolic Out(Fn) complex, Groups Geom. Dyn. 4 (2010), no. 1, 31- 58
[11] F. Bonahon, Bouts des varie´te´s hyperboliques de dimension 3. Ann. of Math. (2) 124 (1986), no.
1, 71–158
[12] F. Bonahon, The geometry of Teichmu¨ller space via geodesic currents. Invent. Math. 92 (1988),
no. 1, 139–162
[13] F. Bonahon, Geodesic currents on negatively curved groups. Arboreal group theory (Berkeley, CA,
1988), 143–168, Math. Sci. Res. Inst. Publ., 19, Springer, New York, 1991
[14] L. Bowen, Periodicity and circle packings of the hyperbolic plane, Geom. Dedicata 102 (2003),
213–236
[15] L. Bowen, Free groups in lattices. Geom. Topol. 13 (2009), no. 5, 3021–3054
[16] L. Bowen, Random walks on coset spaces with applications to Furstenberg entropy, preprint, 2010;
arXiv:1008.4933.
[17] L. Bowen, Invariant random subgroups of the free group, preprint, 2012; arXiv:1204.5939
[18] M. Carette, S. Francaviglia, I. Kapovich, and A. Martino, Spectral rigidity of automorphic orbits
in free groups, Alg. Geom Topology, to appear; arXiv:1106.0688
[19] M. Cohen and M. Lustig, Very small group actions on R-trees and Dehn twist automorphisms.
Topology 34 (1995), no. 3, 575–617
[20] M. Clay and A. Pettet, Twisting out fully irreducible automorphisms, Geom. Funct. Anal. 20
(2010), no. 3, 657–689
[21] M. Clay and A. Pettet, Currents twisting and nonsingular matrices, Commentarii Mathematici
Helvetici 87 (2012), no. 2, 384–407
[22] T. Coulbois, A. Hilion, and M. Lustig, R-trees and laminations for free groups I: Algebraic lami-
nations, J. Lond. Math. Soc. (2) 78 (2008), no. 3, 723–736
[23] T. Coulbois, A. Hilion, and M. Lustig, R-trees and laminations for free groups II: The dual
lamination of an R-tree, J. Lond. Math. Soc. (2) 78 (2008), no. 3, 737–754
[24] T. Coulbois, A. Hilion, and M. Lustig, R-trees and laminations for free groups III: Currents and
dual R-tree metrics, J. Lond. Math. Soc. (2) 78 (2008), no. 3, 755–766
[25] M. Culler, K. Vogtmann, Moduli of graphs and automorphisms of free groups. Invent. Math. 84
(1986), no. 1, 91–119
[26] D. D’Angeli, A. Donno, M. Matter, and T. Nagnibeda, Schreier graphs of the Basilica group, J.
Mod. Dyn. 4 (2010), no. 1, 167–205
[27] S. G. Dani, On conjugacy classes of closed subgroups and stabilizers of Borel actions of Lie groups,
Ergodic Theory Dynam. Systems 22 (2002), no. 6, 1697–1714
[28] G. Elek, On the limit of large girth graph sequences, Combinatorica 30 (2010), no. 5, 553–563
[29] S. Francaviglia, Geodesic currents and length compactness for automorphisms of free groups,
Transact. Amer. Math. Soc., 361 (2009), no. 1, 161–176
[30] R. Grigorchuk, Some topics of dynamics of group actions on rooted trees, The Proceedings of the
Steklov Institute of Math., v. 273 (2011), 64–175
[31] Rostislav Grigorchuk, Vadim A. Kaimanovich, and Tatiana Nagnibeda, Ergodic properties of
boundary actions and Nielsen-Schreier theory, Adv. Math. 230 (2012), no. 3, 1340–1380
[32] V. Guirardel, Approximations of stable actions on R-trees. Comment. Math. Helv. 73 (1998), no.
1, 89–121
[33] V. Guirardel, Dynamics of Out(Fn) on the boundary of outer space. Ann. Sci. E´cole Norm. Sup.
(4) 33 (2000), no. 4, 433–465
[34] U. Hamensta¨dt, Word hyperbolic extensions of surface groups, preprint, 2005;
arXiv:math.GT/050524
[35] U. Hamensta¨dt, Lines of minima in Outer space, preprint, November 2009; arXiv:0911.3620
[36] K.P. Hart, J.-I. Nagata, J.E. Vaughan (Eds.) Encyclopedia of General Topology, Elsevier, 2004
[37] A. Hatcher and K. Vogtmann, The complex of free factors of a free group. Quart. J. Math. Oxford
Ser. (2) 49 (1998), no. 196, 459–468
[38] V.Kaimanovich, I. Kapovich and P. Schupp, The Subadditive Ergodic Theorem and generic stretch-
ing factors for free group automorphisms, Israel J. Math. 157 (2007), 1–46
[39] I. Kapovich, The frequency space of a free group, Internat. J. Alg. Comput. 15 (2005), no. 5-6,
939–969
[40] I. Kapovich, Currents on free groups, Topological and Asymptotic Aspects of Group Theory (R.
Grigorchuk, M. Mihalik, M. Sapir and Z. Sunik, Editors), AMS Contemporary Mathematics Series,
vol. 394, 2006, pp. 149-176
[41] I. Kapovich, Clusters, currents and Whitehead’s algorithm, Experimental Mathematics 16 (2007),
no. 1, pp. 67-76
40 ILYA KAPOVICH AND TATIANA NAGNIBEDA
[42] I. Kapovich, Random length-spectrum rigidity for free groups, Proc. AMS 140 (2012), no. 5, 1549–
1560
[43] I. Kapovich, G. Levitt, P. Schupp and V. Shpilrain, Translation equivalence in free groups, Trans-
act. Amer. Math. Soc. 359 (2007), no. 4, 1527–1546
[44] I. Kapovich and M. Lustig, The actions of Out(Fk) on the boundary of outer space and on the
space of currents: minimal sets and equivariant incompatibility. Ergodic Theory Dynam. Systems
27 (2007), no. 3, 827–847
[45] I. Kapovich and M. Lustig, Geometric Intersection Number and analogues of the Curve Complex
for free groups, Geometry & Topology 13 (2009), 1805–1833
[46] I. Kapovich and M. Lustig, Intersection form, laminations and currents on free groups, Geom.
Funct. Anal. (GAFA), 19 (2010), no. 5, 1426–1467
[47] I. Kapovich and M. Lustig, Domains of proper dicontinuity on the boundary of Outer space, Illinois
J. Math. 54 (2010), no. 1, pp. 89–108, special issue dedicated to Paul Schupp
[48] I. Kapovich and M. Lustig, Ping-pong and Outer space, J. Topol. Anal. 2 (2010), no. 2, 173–201
[49] I. Kapovich and A. Myasnikov, Stallings foldings and the subgroup structure of free groups, J.
Algebra 248 (2002), no 2, 608–668
[50] I. Kapovich and T. Nagnibeda, The Patterson-Sullivan embedding and minimal volume entropy
for Outer space, Geom. Funct. Anal. (GAFA) 17 (2007), no. 4, 1201–1236
[51] I. Kapovich and T. Nagnibeda, Geometric entropy of geodesic currents on free groups, Dynamical
Numbers: Interplay Between Dynamical Systems and Number Theory, Contemporary Mathemat-
ics series, American Mathematical Society, 2010, pp. 149-176
[52] I. Kapovich, and H. Short, Greenberg’s theorem for quasiconvex subgroups of word hyperbolic
groups. Canad. J. Math. 48 (1996), no. 6, 1224–1244
[53] D. Lee, Translation equivalent elements in free groups. J. Group Theory 9 (2006), no. 6, 809–814
[54] D. Lee, An algorithm that decides translation equivalence in a free group of rank two. J. Group
Theory 10 (2007), no. 4, 561–569
[55] D. Lee, and E. Ventura, Volume equivalence of subgroups of free groups. J. Algebra 324 (2010),
no. 2, 195-217
[56] G. Levitt and M. Lustig, Irreducible automorphisms of Fn have North-South dynamics on com-
pactified outer space. J. Inst. Math. Jussieu 2 (2003), no. 1, 59–72
[57] R. Martin, Non-Uniquely Ergodic Foliations of Thin Type, Measured Currents and Automorphisms
of Free Groups, PhD Thesis, 1995
[58] I. Mineyev, Submultiplicativity and the Hanna Neumann conjecture. Ann. of Math. (2) 175 (2012),
no. 1, 393–414
[59] F. Paulin, The Gromov topology on R-trees. Topology Appl. 32 (1989), no. 3, 197–221
[60] D. Savchuk, Schreier Graphs of Actions of Thompsons Group F on the Unit Interval and on the
Cantor Set, preprint, 2011; arXiv: 1105.4017.
[61] John Stallings, Topology of finite graphs, Invent. Math. 71 (1983), no. 3, 551-565
[62] G. Stuck and R. J. Zimmer, Stabilizers for ergodic actions of higher rank semisimple groups, Ann.
of Math. (2) 139 (1994), no. 3, 723–747
[63] A. Vershik, Nonfree actions of countable groups and their characters, arXiv:1012.4604
[64] A. Vershik, Totally nonfree actions and infinite symmetric group, preprint, 2011; arXiv:1109.3413
[65] K. Vogtmann, Automorphisms of Free Groups and Outer Space, Geom. Dedicata 94 (2002), 1–31
Department of Mathematics, University of Illinois at Urbana-Champaign, 1409 West Green Street,
Urbana, IL 61801, USA
http://www.math.uiuc.edu/~kapovich/
E-mail address: kapovich@math.uiuc.edu
Section de mathe´matiques, Universite´ de Gene`ve, 2-4, rue du Lie`vre, c.p. 64, 1211 Gene`ve,
Switzerland
http://www.unige.ch/math/folks/nagnibeda
E-mail address: tatiana.smirnova-nagnibeda@unige.ch
